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<latexit sha1_base64="Rxrx3ZhYnoG2cGNSCumbbEfySw0=">AAACEXicbZDLSgMxFIYzXmu9jbp0E2yFrspMEXVZqog7K/QGnTJk0tM2NJkZkoxQhr6CG1/FjQtF3Lpz59uYXhba+kPg4z/ncHL+IOZMacf5tlZW19Y3NjNb2e2d3b19++CwoaJEUqjTiEeyFRAFnIVQ10xzaMUSiAg4NIPh1aTefACpWBTW9CiGjiD9kPUYJdpYvl3I13yKPcUE9q6BazLjPvbuBPSJn3pS4JvKOO/bOafoTIWXwZ1DDs1V9e0vrxvRRECoKSdKtV0n1p2USM0oh3HWSxTEhA5JH9oGQyJAddLpRWN8apwu7kXSvFDjqft7IiVCqZEITKcgeqAWaxPzv1o70b3LTsrCONEQ0tmiXsKxjvAkHtxlEqjmIwOESmb+iumASEK1CTFrQnAXT16GRqnonhfP7ku5cmUeRwYdoxNUQC66QGV0i6qojih6RM/oFb1ZT9aL9W59zFpXrPnMEfoj6/MHuuybtg==</latexit>

Tc ⇠ � ⇠ g⌦FB

Not much “unconventional”, but will discuss a degeneracy between s- and 
f-wave superconductivity

Attractive interaction Flat-band size
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Classifying electron spectra

Band insulator: boring

EF
<latexit sha1_base64="b2/bZdJCYx0f7e5498a9pAP8Jkg=">AAACBHicbVDLSsNAFJ34rPVVdelmsAiuSlIFXRZFcVnRPqAJZTKZpEMnkzBzI5TQrTu3+hPuxK3/4T/4EU7bLLT1wMDhnHuZe46fCq7Btr+speWV1bX10kZ5c2t7Z7eyt9/WSaYoa9FEJKrrE80El6wFHATrpoqR2Bes4w+vJn7nkSnNE/kAo5R5MYkkDzklYKT76/5Nv1K1a/YUeJE4BamiAs1+5dsNEprFTAIVROueY6fg5UQBp4KNy26mWUrokESsZ6gkMdNePj11jI+NEuAwUeZJwFP190ZOYq1HsW8mYwIDPe9NxP+8XgbhhZdzmWbAJJ19FGYCQ4InuXHAFaMgRoYQqri5FdMBUYSCaafsamaqkxEM3JQoLgMTLjexxmVTjzNfxiJp12vOaa1+d1ZtXBZFldAhOkInyEHnqIFuURO1EEURekYv6NV6st6sd+tjNrpkFTsH6A+szx9knJiD</latexit>

EF
<latexit sha1_base64="b2/bZdJCYx0f7e5498a9pAP8Jkg=">AAACBHicbVDLSsNAFJ34rPVVdelmsAiuSlIFXRZFcVnRPqAJZTKZpEMnkzBzI5TQrTu3+hPuxK3/4T/4EU7bLLT1wMDhnHuZe46fCq7Btr+speWV1bX10kZ5c2t7Z7eyt9/WSaYoa9FEJKrrE80El6wFHATrpoqR2Bes4w+vJn7nkSnNE/kAo5R5MYkkDzklYKT76/5Nv1K1a/YUeJE4BamiAs1+5dsNEprFTAIVROueY6fg5UQBp4KNy26mWUrokESsZ6gkMdNePj11jI+NEuAwUeZJwFP190ZOYq1HsW8mYwIDPe9NxP+8XgbhhZdzmWbAJJ19FGYCQ4InuXHAFaMgRoYQqri5FdMBUYSCaafsamaqkxEM3JQoLgMTLjexxmVTjzNfxiJp12vOaa1+d1ZtXBZFldAhOkInyEHnqIFuURO1EEURekYv6NV6st6sd+tjNrpkFTsH6A+szx9knJiD</latexit>

EF
<latexit sha1_base64="b2/bZdJCYx0f7e5498a9pAP8Jkg=">AAACBHicbVDLSsNAFJ34rPVVdelmsAiuSlIFXRZFcVnRPqAJZTKZpEMnkzBzI5TQrTu3+hPuxK3/4T/4EU7bLLT1wMDhnHuZe46fCq7Btr+speWV1bX10kZ5c2t7Z7eyt9/WSaYoa9FEJKrrE80El6wFHATrpoqR2Bes4w+vJn7nkSnNE/kAo5R5MYkkDzklYKT76/5Nv1K1a/YUeJE4BamiAs1+5dsNEprFTAIVROueY6fg5UQBp4KNy26mWUrokESsZ6gkMdNePj11jI+NEuAwUeZJwFP190ZOYq1HsW8mYwIDPe9NxP+8XgbhhZdzmWbAJJ19FGYCQ4InuXHAFaMgRoYQqri5FdMBUYSCaafsamaqkxEM3JQoLgMTLjexxmVTjzNfxiJp12vOaa1+d1ZtXBZFldAhOkInyEHnqIFuURO1EEURekYv6NV6st6sd+tjNrpkFTsH6A+szx9knJiD</latexit>

Semimetal: Dirac/Weyl point

✏2 = v2F p
2

<latexit sha1_base64="VKf6a62uU+7BaASMKUHT8niG/po=">AAACGXicbVDLSgMxFM34rPVVFdy4CRbBVZmpgm6EoiAuK9gHdNqSSW/b0EwmJJlCGfsl7tzqT7gTt678Bz/CtJ2Fth4IOZxzL/feE0jOtHHdL2dpeWV1bT2zkd3c2t7Zze3tV3UUKwoVGvFI1QOigTMBFcMMh7pUQMKAQy0Y3Ez82hCUZpF4MCMJzZD0BOsySoyV2rlDH6RmPBKtIr7Cw/at/WWr2M7l3YI7BV4kXkryKEW5nfv2OxGNQxCGcqJ1w3OlaSZEGUY5jLN+rEESOiA9aFgqSAi6mUz3H+MTq3RwN1L2CYOn6u+OhIRaj8LAVobE9PW8NxH/8xqx6V42EyZkbEDQ2aBuzLGJ8CQM3GEKqOEjSwhVzO6KaZ8oQo2NLOtrsHmKnun7kigmOva4xJ41ztp4vPkwFkm1WPDOCsX783zpOg0qg47QMTpFHrpAJXSHyqiCKHpEz+gFvTpPzpvz7nzMSpectOcA/YHz+QMU6p+2</latexit>

“Ideal” flat band
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+Flat band with a finite bandwidth Figure: Teemu Peltonen
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<latexit sha1_base64="3dVASq5JgNzJCBApvQEhKzm2y0k=">AAACC3icbVDLSgMxFM34tr6qLt0EW8FVmRFB3YkiuKxgH9gpJZO5bUMzmSG5I5Shn+DOrf6EO3HrR/gPfoRpOwttPRA4nHMvuecEiRQGXffLWVhcWl5ZXVsvbGxube8Ud/fqJk41hxqPZaybATMghYIaCpTQTDSwKJDQCAbXY7/xCNqIWN3jMIF2xHpKdAVnaKWHsh+CREZvyp1iya24E9B54uWkRHJUO8VvP4x5GoFCLpkxLc9NsJ0xjYJLGBX81EDC+ID1oGWpYhGYdja5eESPrBLSbqztU0gn6u+NjEXGDKPATkYM+2bWG4v/ea0Uu+ftTKgkRVB8+lE3lRRjOo5PQ6GBoxxawrgW9lbK+0wzjrakgm/ANqh62PcTpoUKbbjMxhoVbD3ebBnzpH5S8U4rF3cnpcurvKg1ckAOyTHxyBm5JLekSmqEE0WeyQt5dZ6cN+fd+ZiOLjj5zj75A+fzB/Y5mvg=</latexit>

Metal: Fermi surface physics
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Example semimetal: graphene

Relevant (and related) concepts: 
• Band touching 
• Sublattice “spinor” structure 
• Two valleys
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(Simple) bilayer graphene

Semimetal with quadratic touching!

<latexit sha1_base64="rHnsHRBAk0og/H/0b4S1OX9Kz6U=">AAAB/HicbZDLSsNAFIYn9VbrLdqlm8FWcFWSIuqy6MZlBXuBJpTJ9LQdOpmEmUkhhPoqblwo4tYHcefbOG2z0NYfBj7+cw7nzB/EnCntON9WYWNza3unuFva2z84PLKPT9oqSiSFFo14JLsBUcCZgJZmmkM3lkDCgEMnmNzN650pSMUi8ajTGPyQjAQbMkq0sfp2uepBrBg3nHlToHgyq/btilNzFsLr4OZQQbmaffvLG0Q0CUFoyolSPdeJtZ8RqRnlMCt5iYKY0AkZQc+gICEoP1scP8PnxhngYSTNExov3N8TGQmVSsPAdIZEj9VqbW7+V+slenjjZ0zEiQZBl4uGCcc6wvMk8IBJoJqnBgiVzNyK6ZhIQrXJq2RCcFe/vA7tes29ql0+1CuN2zyOIjpFZ+gCuegaNdA9aqIWoihFz+gVvVlP1ov1bn0sWwtWPlNGf2R9/gBJP5SK</latexit>✏~k

<latexit sha1_base64="17bF8TY/LTW2EDQitUBNOWzDq30=">AAAB7HicbVBNTwIxEJ3iF+IX6tFLI5h4IrvEqEeiF4+YuEACG9ItXWjodjdt10g2/AYvHjTGqz/Im//GAntQ8CWTvLw3k5l5QSK4No7zjQpr6xubW8Xt0s7u3v5B+fCopeNUUebRWMSqExDNBJfMM9wI1kkUI1EgWDsY38789iNTmsfywUwS5kdkKHnIKTFW8qrj/lO1X644NWcOvErcnFQgR7Nf/uoNYppGTBoqiNZd10mMnxFlOBVsWuqlmiWEjsmQdS2VJGLaz+bHTvGZVQY4jJUtafBc/T2RkUjrSRTYzoiYkV72ZuJ/Xjc14bWfcZmkhkm6WBSmApsYzz7HA64YNWJiCaGK21sxHRFFqLH5lGwI7vLLq6RVr7mXtYv7eqVxk8dRhBM4hXNw4QoacAdN8IACh2d4hTck0Qt6Rx+L1gLKZ47hD9DnDx6fjj0=</latexit>

kx
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Towards flat bands

EF
<latexit sha1_base64="b2/bZdJCYx0f7e5498a9pAP8Jkg=">AAACBHicbVDLSsNAFJ34rPVVdelmsAiuSlIFXRZFcVnRPqAJZTKZpEMnkzBzI5TQrTu3+hPuxK3/4T/4EU7bLLT1wMDhnHuZe46fCq7Btr+speWV1bX10kZ5c2t7Z7eyt9/WSaYoa9FEJKrrE80El6wFHATrpoqR2Bes4w+vJn7nkSnNE/kAo5R5MYkkDzklYKT76/5Nv1K1a/YUeJE4BamiAs1+5dsNEprFTAIVROueY6fg5U QBp4KNy26mWUrokESsZ6gkMdNePj11jI+NEuAwUeZJwFP190ZOYq1HsW8mYwIDPe9NxP+8XgbhhZdzmWbAJJ19FGYCQ4InuXHAFaMgRoYQqri5FdMBUYSCaafsamaqkxEM3JQoLgMTLjexxmVTjzNfxiJp12vOaa1+d1ZtXBZFldAhOkInyEHnqIFuURO1EEURekYv6NV6st6sd+tjNrpkFTsH6A+szx9knJiD</latexit>

✏2 / p2N
<latexit sha1_base64="Wyr+X60TQ+0Wvv1OrM7ZjK0ECiU=">AAACHHicbVDLSgMxFM34rPVVdSVugkVwVWaqoMuiG1dSwT6g05ZMetuGZpKQZIQyFP/EnVv9CXfiVvAf/AjTx0JbDwQO59zLzTmR4sxY3//ylpZXVtfWMxvZza3tnd3c3n7VyERTqFDJpa5HxABnAiqWWQ51pYHEEYdaNLge+7UH0IZJcW+HCpox6QnWZZRYJ7VzhyEow7gUrSIOlZbKSqxaafF21M7l/YI/AV4kwYzk0Qzldu477EiaxCAs5cSYRuAr20yJtoxyGGXDxIAidEB60HBUkBhMM51EGOETp3RwV2r3hMUT9fdGSmJjhnHkJmNi+2beG4v/eY3Edi+bKRMqsSDo9FA34djlHPeBO0wDtXzoCKGaub9i2ieaUOtay4YGXKWiZ/uhIpqJjguXulijrKsnmC9jkVSLheCsULw7z5euZkVl0BE6RqcoQBeohG5QGVUQRY/oGb2gV+/Je/PevY/p6JI32zlAf+B9/gBF+KIS</latexit>

N=1
N=2

N=5 N=10

Di↵erent kinds of semimetal dispersions: asymptotically towards flat bands,
an almost equi-energy area ⌦FB in momentum space

<latexit sha1_base64="LSTo3amDpx1qlLNTuj0R9Ez77xQ="></latexit>

Rhombohedral multilayer
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Towards flat bands
Alternative:

EF
<latexit sha1_base64="b2/bZdJCYx0f7e5498a9pAP8Jkg=">AAACBHicbVDLSsNAFJ34rPVVdelmsAiuSlIFXRZFcVnRPqAJZTKZpEMnkzBzI5TQrTu3+hPuxK3/4T/4EU7bLLT1wMDhnHuZe46fCq7Btr+speWV1bX10kZ5c2t7Z7eyt9/WSaYoa9FEJKrrE80El6wFHATrpoqR2Bes4w+vJn7nkSnNE/kAo5R5MYkkDzklYKT76/5Nv1K1a/YUeJE4BamiAs1+5dsNEprFTAIVROueY6fg5UQBp4KNy26mWUrokESsZ6gkMdNePj11jI+NEuAwUeZJwFP190ZOYq1HsW8mYwIDPe9NxP+8XgbhhZdzmWbAJJ19FGYCQ4InuXHAFaMgRoYQqri5FdMBUYSCaafsamaqkxEM3JQoLgMTLjexxmVTjzNfxiJp12vOaa1+d1ZtXBZFldAhOkInyEHnqIFuURO1EEURekYv6NV6st6sd+tjNrpkFTsH6A+szx9knJiD</latexit>

Momentum

<latexit sha1_base64="Qsjr+d7g2PApl+YDdi492aSXFGs=">AAACFXicdVDJSgNBEO2JWxy3MR69NAbBU5gERS9C0IvHCGaBTBJ6OpWkSU9P090TDEO+w5tX/Qlv4tWz/+BH2FkE1wcFj/eqqKoXSs608f03J7O0vLK6ll13Nza3tne83VxNx4miUKUxj1UjJBo4E1A1zHBoSAUkCjnUw+Hl1K+PQGkWixszltCKSF+wHqPEWKnj5QKQmvFYtEvno3YJy3ap4+WLBX8G7P8in1YeLVDpeO9BN6ZJBMJQTrRuFn1pWilRhlEOEzdINEhCh6QPTUsFiUC30tntE3xolS7uxcqWMHimfp1ISaT1OAptZ0TMQP/0puJfXjMxvbNWyoRMDAg6X9RLODYxngaBu0wBNXxsCaGK2VsxHRBFqLFxuYEGm6Xom0EgiWKia59L7VsT92s8/5NaqVA8KfjXx/nyxSKoLNpHB+gIFdEpKqMrVEFVRNEtukcP6NG5c56cZ+dl3ppxFjN76Buc1w/3BZ6q</latexit>

✏2 = v2p2

Flatness depends on a reference scale!

(Twisted few-layer graphene 
and periodically strained 

graphene)
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Adding interactions

<latexit sha1_base64="i5R0S48ejCcWYuZsoLvAxMHyNsE="></latexit>

H = H
(1) +H

(2) + · · ·

=
X

k,�,n

✏k,n,�c
†
k,n,�ck,n,� +

X

k,k0,q,�,�0

V (q)c†k+q,�c
†
k0�q,�0ck0,�0ck,� + · · ·

“One-body spectrum” “Two-body interactions”

<latexit sha1_base64="jVEFgvVsWXU+mDlyW6+pL9clE6I=">AAACCXicbVBNS8NAEN34WetX1aOXxUbwVBIR9SKIXjxWsFVoY9lspuniZhN2J0IIXr34V7x4UMSr/8Cb/8btx8GvBwOP92aYmRdmUhj0vE9nanpmdm6+slBdXFpeWa2trbdNmmsOLZ7KVF+FzIAUClooUMJVpoEloYTL8OZ06F/egjYiVRdYZBAkLFaiLzhDK/Vq1O3EwZFLQYGOC+p2eZSiSyWoGAfudeT2anWv4Y1A/xJ/Qupkgmav9tGNUp4noJBLZkzH9zIMSqZRcAl31W5uIGP8hsXQsVSxBExQjj65o9tWiWg/1bYU0pH6faJkiTFFEtrOhOHA/PaG4n9eJ8f+YVAKleUIio8X9XNJMaXDWGgkNHCUhSWMa2FvpXzANONow6vaEPzfL/8l7d2Gv9/YO9+tH59M4qiQTbJFdohPDsgxOSNN0iKc3JNH8kxenAfnyXl13satU85kZoP8gPP+BYxZmFo=</latexit>

[g] = energy · lengthd

<latexit sha1_base64="rv3fCNUDc4UHvUEUUXB7AGyodx8="></latexit>

Here, simplification (contact interaction): V (q) = g = const..



Connection to lattice models
<latexit sha1_base64="j7llpsGbsE8m5Ed42GiyuQHnXuo="></latexit>

Take, for example, the (attractive) Hubbard model with on-site interaction:

H =

X

�,i,j

hi,jc
†
i�cj� + U

X

i

c
†
i"c

†
i#ci#ci"

<latexit sha1_base64="6xDqjQ2A9IwLlvKvDtfSUUvche8=">AAACGXicbVDLSgMxFM34rPVVdekmWAVXZUZExVXRTZcV7APaUu6kt21okhmSTKEM/Q03/oobF4q41JV/Y/pYaPVA4HDOudzcE8aCG+v7X97S8srq2npmI7u5tb2zm9vbr5oo0QwrLBKRrodgUHCFFcutwHqsEWQosBYObid+bYja8Ejd21GMLQk9xbucgXVSO+eXUOM1PWbtlDcN70kYH1MGioZIgcpEuJgOuQVBh8hspNu5vF/wp6B/STAneTJHuZ37aHYilkhUlgkwphH4sW2loC1nAsfZZmIwBjaAHjYcVSDRtNLpZWN64pQO7UbaPWXpVP05kYI0ZiRDl5Rg+2bRm4j/eY3Edq9aKVdxYlGx2aJuIqiN6KQm2uHanStGjgDT3P2Vsj5oYNaVmXUlBIsn/yXVs0JwUTi/O8sXb+Z1ZMghOSKnJCCXpEhKpEwqhJEH8kReyKv36D17b977LLrkzWcOyC94n99UUp/t</latexit>

Here: ci� can be a multiorbital vector

<latexit sha1_base64="+g/rxnAyUq5yCD9urERTj0bH+yw=">AAAB9HicbVBNS8NAEN3Ur1q/qh69LLaCp5IUUS9C0YvHCqYtpKFstpN26WYTdzeFEvo7vHhQxKs/xpv/xm2bg7Y+GHi8N8PMvCDhTGnb/rYKa+sbm1vF7dLO7t7+QfnwqKXiVFJwacxj2QmIAs4EuJppDp1EAokCDu1gdDfz22OQisXiUU8S8CMyECxklGgj+VXP9W+qGATIwaRXrtg1ew68SpycVFCOZq/81e3HNI1AaMqJUp5jJ9rPiNSMcpiWuqmChNARGYBnqCARKD+bHz3FZ0bp4zCWpoTGc/X3REYipSZRYDojoodq2ZuJ/3leqsNrP2MiSTUIulgUphzrGM8SwH0mgWo+MYRQycytmA6JJFSbnEomBGf55VXSqtecy9rFQ73SuM3jKKITdIrOkYOuUAPdoyZyEUVP6Bm9ojdrbL1Y79bHorVg5TPH6A+szx9vQpE/</latexit>

[U ] = energy

Unit cell area Volume of the 1st Brillouin zone

<latexit sha1_base64="Y6RP0l5k6s3LCsCm/j3JbgI3UI4="></latexit>

U = g/Ac = g⌦BZ/(2⇡)d
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Correlated states from interactions

<latexit sha1_base64="i5R0S48ejCcWYuZsoLvAxMHyNsE="></latexit>

H = H
(1) +H

(2) + · · ·

=
X

k,�,n

✏k,n,�c
†
k,n,�ck,n,� +

X

k,k0,q,�,�0

V (q)c†k+q,�c
†
k0�q,�0ck0,�0ck,� + · · ·

“One-body spectrum” “Two-body interactions”

Most commonly used approach: Hartree-Fock mean-field theory

<latexit sha1_base64="VcnHKaxSKrAqaKBjPSzLSkDpX9k="></latexit>

|ground statei ⇡ Fermi gas of a suitably defined operator
) emergence of mean fields
) often associated with spontaneous symmetry breaking

(Typically local interactions, on-site or nearest neighbour)



Superconductivity
Example of a broken-symmetry state

Order parameter:

Picture sources: Phys. org, Wikimedia Commons

Supercurrent: F = |F |ei� ) ~js = Dsr�
<latexit sha1_base64="ubJPU+IZeffDHR/xprTzgyWSkJg="></latexit>



Superconductivity
Example of a broken-symmetry state

Order parameter:

Bardeen, Migdal and Eliashberg (and others): attractive interaction
due to electron-phonon coupling

<latexit sha1_base64="XVuQbf+Gozb20UyIANm67MSyY+s="></latexit><latexit sha1_base64="XVuQbf+Gozb20UyIANm67MSyY+s="></latexit><latexit sha1_base64="XVuQbf+Gozb20UyIANm67MSyY+s="></latexit><latexit sha1_base64="XVuQbf+Gozb20UyIANm67MSyY+s="></latexit>

BCS and Cooper instability: an arbitrarily weak attractive interaction between
electrons leads to the superconducting state at T = 0

<latexit sha1_base64="YrH+oq3yW76qgpywhRw3834jD8I="></latexit><latexit sha1_base64="YrH+oq3yW76qgpywhRw3834jD8I="></latexit><latexit sha1_base64="YrH+oq3yW76qgpywhRw3834jD8I="></latexit><latexit sha1_base64="YrH+oq3yW76qgpywhRw3834jD8I="></latexit>

BCS limit: assume (almost) instantaneous interaction
<latexit sha1_base64="CHkxHVE9QSKzHqIQgzzlMVwZiKc="></latexit><latexit sha1_base64="CHkxHVE9QSKzHqIQgzzlMVwZiKc="></latexit><latexit sha1_base64="CHkxHVE9QSKzHqIQgzzlMVwZiKc="></latexit><latexit sha1_base64="CHkxHVE9QSKzHqIQgzzlMVwZiKc="></latexit>

Picture sources: Phys. org, Wikimedia Commons

Supercurrent: F = |F |ei� ) ~js = Dsr�
<latexit sha1_base64="ubJPU+IZeffDHR/xprTzgyWSkJg="></latexit>



Mean field theory

Cuto↵ pc (or Ec(pc)) (attractive interaction or the dispersion)

Simplest superconducting dispersion: E(~p) = ±
p

✏(~p) +�2
<latexit sha1_base64="a2gtPg6lkllwmIIBpLfwFpKzLgw="></latexit><latexit sha1_base64="a2gtPg6lkllwmIIBpLfwFpKzLgw="></latexit><latexit sha1_base64="a2gtPg6lkllwmIIBpLfwFpKzLgw="></latexit><latexit sha1_base64="a2gtPg6lkllwmIIBpLfwFpKzLgw="></latexit>

Tc ⇠ �
<latexit sha1_base64="31N9fMEGrPREsaUE9mMvucxbmSM=">AAACFHicdVDJSgNBEO2JW4xbokcvjYngKUziQY9BPXiMkA0yIfR0KkmTnp6hu0YJQ37Dm1f9CW/i1bv/4EfYWYS4PSh4vFdFVT0/ksKg6747qZXVtfWN9GZma3tndy+b22+YMNYc6jyUoW75zIAUCuooUEIr0sACX0LTH11O/eYtaCNCVcNxBJ2ADZToC87QSt1srlDrcuoZEVDvCiSyQjebLxXdGaj7i3xZebJAtZv98HohjwNQyCUzpl1yI+wkTKPgEiYZLzYQMT5iA2hbqlgAppPMTp/QY6v0aD/UthTSmbo8kbDAmHHg286A4dD89KbiX147xv55JxEqihEUny/qx5JiSKc50J7QwFGOLWFcC3sr5UOmGUebVsYzYKNUAxx6EdNC9exziX1rklmO53/SKBdLp8XyTTlfuVgElSaH5IickBI5IxVyTaqkTji5Iw/kkTw5986z8+K8zltTzmLmgHyD8/YJiz2d3g==</latexit>

<latexit sha1_base64="DS6C171cxT+1bjBKiNrjxbZvILQ="></latexit>

Mean field � at T = 0 obtained from the minimum of F (�)

Condensation energy

<latexit sha1_base64="o3okBanFfHi7Psj43VEoRC+hIF4="></latexit>

Free energy density of superconducting state as a function of the pair potential

F (�) =
�2

g
� 1

⌦

X

~p

[E(~p)� ✏(~p)]

Change in kinetic energy

<latexit sha1_base64="LmRfdPs0AFkobDT0iErCcqK7c/k="></latexit>

� =
g

⌦

X

~p

�

2
q

�2 + ✏2(~(p))
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(2⇡)d
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d~p
�

2
q

�2 + ✏2(~(p))



Mean field vs dispersion

Fermi surface:
R
d3p !

R
⌫(✏)d✏ ⇡ ⌫(✏F )

R
d✏

<latexit sha1_base64="Y2ZeBbhS5wMY49xeXXXvlMDxFOw="></latexit><latexit sha1_base64="Y2ZeBbhS5wMY49xeXXXvlMDxFOw="></latexit><latexit sha1_base64="Y2ZeBbhS5wMY49xeXXXvlMDxFOw="></latexit><latexit sha1_base64="Y2ZeBbhS5wMY49xeXXXvlMDxFOw="></latexit>

Exp suppression!

Fermi surface:
<latexit sha1_base64="hN2C1Oovnzs2qw3vtJcq16ss2kk=">AAACD3icbZDLSsNAFIYn9VbjrerSzWARXJWkLhRXRUFcVrAXaGKZTE7aoZNJmJkIJfQh3LnVl3Anbn0E38GHcNpmoa0/DPz85xzmnC9IOVPacb6s0srq2vpGedPe2t7Z3avsH7RVkkkKLZrwRHYDooAzAS3NNIduKoHEAYdOMLqe1juPIBVLxL0ep+DHZCBYxCjRJnq4ARkzrDIZEQqX/UrVqTkz4WXjFqaKCjX7lW8vTGgWg9 CUE6V6rpNqPydSM8phYnuZgpTQERlAz1hBYlB+Ptt6gk9MEuIokeYJjWfp74mcxEqN48B0xkQP1WJtGv5X62U6uvBzJtJMg6Dzj6KMY53gKQIcMglU87ExhEpmdsV0SCSh2oCyPQWGohjooZcSyURojsvNWRPb4HEXYSybdr3mntXqd/Vq46oAVUZH6BidIhedowa6RU3UQhRJ9Ixe0Kv1ZL1Z79bHvLVkFTOH6I+szx8QLJ07</latexit>

� = ✏ce�1/(|g|⌫F ) = 1.764Tc
<latexit sha1_base64="G8r2Eo3wjA/TActM7Pr7DzLI1cs="></latexit>

<latexit sha1_base64="PAeDqawVwisZSO00E/IifciBJXM=">AAACDXicbZDLSgMxFIYz9VbrbdSlm2ArVJAyU0TdCMULuKxgL9ApJZOetqFJZkgyQil9ATe+ihsXirh17863Mb0stPpD4OM/53By/jDmTBvP+3JSC4tLyyvp1cza+sbmlru9U9VRoihUaMQjVQ+JBs4kVAwzHOqxAiJCDrWwfzmu1+5BaRbJOzOIoSlIV7IOo8RYq+XmcgHEmnHL9DwQTOaDSECXtK6OgjZwQ/D1Ya7lZr2CNxH+C/4Msmimcsv9DNoRTQRIQznRuuF7sWkOiTKMchhlgkRDTGifdKFhURIBujmcXDPCB9Zp406k7JMGT9yfE0MitB6I0HYKYnp6vjY2/6s1EtM5aw6ZjBMDkk4XdRKOTYTH0eA2U0ANH1ggVDH7V0x7RBFqbIAZG4I/f/JfqBYL/knh+LaYLV3M4kijPbSP8shHp6iEblAZVRBFD+gJvaBX59F5dt6c92lrypnN7KJfcj6+AavVmqc=</latexit>

✏c = min(!D, �E)



Mean field vs dispersion

Fermi surface:
R
d3p !

R
⌫(✏)d✏ ⇡ ⌫(✏F )

R
d✏

<latexit sha1_base64="Y2ZeBbhS5wMY49xeXXXvlMDxFOw="></latexit><latexit sha1_base64="Y2ZeBbhS5wMY49xeXXXvlMDxFOw="></latexit><latexit sha1_base64="Y2ZeBbhS5wMY49xeXXXvlMDxFOw="></latexit><latexit sha1_base64="Y2ZeBbhS5wMY49xeXXXvlMDxFOw="></latexit>

Linear dispersion: ✏2 = v2F p
2

<latexit sha1_base64="kFfl6DsZ5zbivGCFBNEIQAZnQQw=">AAACLnicbZDLSgMxFIYzXmu9VV26CbaCIJSZbhRBKAriwkUFe4FOWzLpaRuayYQkUyhDH8I3cedWX0JwIW5d+BCml4W2Hgj5+c/5Sc4XSM60cd13Z2l5ZXVtPbWR3tza3tnN7O1XdBQrCmUa8UjVAqKBMwFlwwyHmlRAwoBDNehfj/vVASjNIvFghhIaIekK1mGUGGu1Mqd3NkgUbjMtp2MXOOeD1IxHolnAl3jQurG3bBZyrU zWzbuTwovCm4ksmlWplfn22xGNQxCGcqJ13XOlaSREGUY5jNJ+rEES2iddqFspSAi6kUyWGuFj67RxJ1L2CIMn7u9EQkKth2FgJ0Nienq+Nzb/69Vj0zlvJEzI2ICg04c6MccmwmNCFoUCavjQCkIVs3/FtEcUocYCSvsaLGTRNT1fEsVE2y6X2LVGaYvHm4exKCqFvOfmvftCtng1A5VCh+gInSAPnaEiukUlVEYUPaJn9IJenSfnzflwPqejS84sc4D+lPP1AwKFp98=</latexit><latexit sha1_base64="kFfl6DsZ5zbivGCFBNEIQAZnQQw=">AAACLnicbZDLSgMxFIYzXmu9VV26CbaCIJSZbhRBKAriwkUFe4FOWzLpaRuayYQkUyhDH8I3cedWX0JwIW5d+BCml4W2Hgj5+c/5Sc4XSM60cd13Z2l5ZXVtPbWR3tza3tnN7O1XdBQrCmUa8UjVAqKBMwFlwwyHmlRAwoBDNehfj/vVASjNIvFghhIaIekK1mGUGGu1Mqd3NkgUbjMtp2MXOOeD1IxHolnAl3jQurG3bBZyrU zWzbuTwovCm4ksmlWplfn22xGNQxCGcqJ13XOlaSREGUY5jNJ+rEES2iddqFspSAi6kUyWGuFj67RxJ1L2CIMn7u9EQkKth2FgJ0Nienq+Nzb/69Vj0zlvJEzI2ICg04c6MccmwmNCFoUCavjQCkIVs3/FtEcUocYCSvsaLGTRNT1fEsVE2y6X2LVGaYvHm4exKCqFvOfmvftCtng1A5VCh+gInSAPnaEiukUlVEYUPaJn9IJenSfnzflwPqejS84sc4D+lPP1AwKFp98=</latexit><latexit sha1_base64="kFfl6DsZ5zbivGCFBNEIQAZnQQw=">AAACLnicbZDLSgMxFIYzXmu9VV26CbaCIJSZbhRBKAriwkUFe4FOWzLpaRuayYQkUyhDH8I3cedWX0JwIW5d+BCml4W2Hgj5+c/5Sc4XSM60cd13Z2l5ZXVtPbWR3tza3tnN7O1XdBQrCmUa8UjVAqKBMwFlwwyHmlRAwoBDNehfj/vVASjNIvFghhIaIekK1mGUGGu1Mqd3NkgUbjMtp2MXOOeD1IxHolnAl3jQurG3bBZyrU zWzbuTwovCm4ksmlWplfn22xGNQxCGcqJ13XOlaSREGUY5jNJ+rEES2iddqFspSAi6kUyWGuFj67RxJ1L2CIMn7u9EQkKth2FgJ0Nienq+Nzb/69Vj0zlvJEzI2ICg04c6MccmwmNCFoUCavjQCkIVs3/FtEcUocYCSvsaLGTRNT1fEsVE2y6X2LVGaYvHm4exKCqFvOfmvftCtng1A5VCh+gInSAPnaEiukUlVEYUPaJn9IJenSfnzflwPqejS84sc4D+lPP1AwKFp98=</latexit><latexit sha1_base64="kFfl6DsZ5zbivGCFBNEIQAZnQQw=">AAACLnicbZDLSgMxFIYzXmu9VV26CbaCIJSZbhRBKAriwkUFe4FOWzLpaRuayYQkUyhDH8I3cedWX0JwIW5d+BCml4W2Hgj5+c/5Sc4XSM60cd13Z2l5ZXVtPbWR3tza3tnN7O1XdBQrCmUa8UjVAqKBMwFlwwyHmlRAwoBDNehfj/vVASjNIvFghhIaIekK1mGUGGu1Mqd3NkgUbjMtp2MXOOeD1IxHolnAl3jQurG3bBZyrU zWzbuTwovCm4ksmlWplfn22xGNQxCGcqJ13XOlaSREGUY5jNJ+rEES2iddqFspSAi6kUyWGuFj67RxJ1L2CIMn7u9EQkKth2FgJ0Nienq+Nzb/69Vj0zlvJEzI2ICg04c6MccmwmNCFoUCavjQCkIVs3/FtEcUocYCSvsaLGTRNT1fEsVE2y6X2LVGaYvHm4exKCqFvOfmvftCtng1A5VCh+gInSAPnaEiukUlVEYUPaJn9IJenSfnzflwPqejS84sc4D+lPP1AwKFp98=</latexit>

) � = 4⇡2~2v2F
g2�g2

c
gg2

c
, gc = ⇡2v2F~2/✏c

<latexit sha1_base64="EeRHfKRoJ7P5dai3TOZ2MHI+DqA="></latexit><latexit sha1_base64="EeRHfKRoJ7P5dai3TOZ2MHI+DqA="></latexit><latexit sha1_base64="EeRHfKRoJ7P5dai3TOZ2MHI+DqA="></latexit><latexit sha1_base64="EeRHfKRoJ7P5dai3TOZ2MHI+DqA="></latexit>

Quantum critical point!

(2D case)

Exp suppression!

g > gc
<latexit sha1_base64="EjmfiHv/lwEC0psvuNs8s2Ifp4I=">AAACCXicdVDLSsNAFJ3UV42vqks3g63gqiTd6EqKblxWsA9oQplMJunQySTM3Agl9AvcudWfcCdu/Qr/wY9w+hDq68DA4Zx7mXtOkAmuwXHerdLK6tr6RnnT3tre2d2r7B90dJoryto0FanqBUQzwSVrAwfBepliJAkE6wajq6nfvWNK81TewjhjfkJiySNOCRipV4svcDygtUGl6tadGbDzi3xZVbRAa1D58MKU5gmTQAXRuu86GfgFUcCpYBPbyzXLCB2RmPUNlSRh2i9m907wiVFCHKXKPAl4pi5vFCTRepwEZjIhMNQ/van4l9fPITr3Cy6zHJik84+iXGBI8TQ8DrliFMTYEEIVN7diOiSKUDAV2Z5mpj8Zw9DLiOIyNOEKE2tiL9fzP+k06q5Td28a1ebloqgyOkLH6BS56Aw10TVqoTaiSKAH9IierHvr2XqxXuejJWuxc4i+wXr7BD0Emfw=</latexit><latexit sha1_base64="EjmfiHv/lwEC0psvuNs8s2Ifp4I=">AAACCXicdVDLSsNAFJ3UV42vqks3g63gqiTd6EqKblxWsA9oQplMJunQySTM3Agl9AvcudWfcCdu/Qr/wY9w+hDq68DA4Zx7mXtOkAmuwXHerdLK6tr6RnnT3tre2d2r7B90dJoryto0FanqBUQzwSVrAwfBepliJAkE6wajq6nfvWNK81TewjhjfkJiySNOCRipV4svcDygtUGl6tadGbDzi3xZVbRAa1D58MKU5gmTQAXRuu86GfgFUcCpYBPbyzXLCB2RmPUNlSRh2i9m907wiVFCHKXKPAl4pi5vFCTRepwEZjIhMNQ/van4l9fPITr3Cy6zHJik84+iXGBI8TQ8DrliFMTYEEIVN7diOiSKUDAV2Z5mpj8Zw9DLiOIyNOEKE2tiL9fzP+k06q5Td28a1ebloqgyOkLH6BS56Aw10TVqoTaiSKAH9IierHvr2XqxXuejJWuxc4i+wXr7BD0Emfw=</latexit><latexit sha1_base64="EjmfiHv/lwEC0psvuNs8s2Ifp4I=">AAACCXicdVDLSsNAFJ3UV42vqks3g63gqiTd6EqKblxWsA9oQplMJunQySTM3Agl9AvcudWfcCdu/Qr/wY9w+hDq68DA4Zx7mXtOkAmuwXHerdLK6tr6RnnT3tre2d2r7B90dJoryto0FanqBUQzwSVrAwfBepliJAkE6wajq6nfvWNK81TewjhjfkJiySNOCRipV4svcDygtUGl6tadGbDzi3xZVbRAa1D58MKU5gmTQAXRuu86GfgFUcCpYBPbyzXLCB2RmPUNlSRh2i9m907wiVFCHKXKPAl4pi5vFCTRepwEZjIhMNQ/van4l9fPITr3Cy6zHJik84+iXGBI8TQ8DrliFMTYEEIVN7diOiSKUDAV2Z5mpj8Zw9DLiOIyNOEKE2tiL9fzP+k06q5Td28a1ebloqgyOkLH6BS56Aw10TVqoTaiSKAH9IierHvr2XqxXuejJWuxc4i+wXr7BD0Emfw=</latexit><latexit sha1_base64="EjmfiHv/lwEC0psvuNs8s2Ifp4I=">AAACCXicdVDLSsNAFJ3UV42vqks3g63gqiTd6EqKblxWsA9oQplMJunQySTM3Agl9AvcudWfcCdu/Qr/wY9w+hDq68DA4Zx7mXtOkAmuwXHerdLK6tr6RnnT3tre2d2r7B90dJoryto0FanqBUQzwSVrAwfBepliJAkE6wajq6nfvWNK81TewjhjfkJiySNOCRipV4svcDygtUGl6tadGbDzi3xZVbRAa1D58MKU5gmTQAXRuu86GfgFUcCpYBPbyzXLCB2RmPUNlSRh2i9m907wiVFCHKXKPAl4pi5vFCTRepwEZjIhMNQ/van4l9fPITr3Cy6zHJik84+iXGBI8TQ8DrliFMTYEEIVN7diOiSKUDAV2Z5mpj8Zw9DLiOIyNOEKE2tiL9fzP+k06q5Td28a1ebloqgyOkLH6BS56Aw10TVqoTaiSKAH9IierHvr2XqxXuejJWuxc4i+wXr7BD0Emfw=</latexit>

Fermi surface:
<latexit sha1_base64="hN2C1Oovnzs2qw3vtJcq16ss2kk=">AAACD3icbZDLSsNAFIYn9VbjrerSzWARXJWkLhRXRUFcVrAXaGKZTE7aoZNJmJkIJfQh3LnVl3Anbn0E38GHcNpmoa0/DPz85xzmnC9IOVPacb6s0srq2vpGedPe2t7Z3avsH7RVkkkKLZrwRHYDooAzAS3NNIduKoHEAYdOMLqe1juPIBVLxL0ep+DHZCBYxCjRJnq4ARkzrDIZEQqX/UrVqTkz4WXjFqaKCjX7lW8vTGgWg9 CUE6V6rpNqPydSM8phYnuZgpTQERlAz1hBYlB+Ptt6gk9MEuIokeYJjWfp74mcxEqN48B0xkQP1WJtGv5X62U6uvBzJtJMg6Dzj6KMY53gKQIcMglU87ExhEpmdsV0SCSh2oCyPQWGohjooZcSyURojsvNWRPb4HEXYSybdr3mntXqd/Vq46oAVUZH6BidIhedowa6RU3UQhRJ9Ixe0Kv1ZL1Z79bHvLVkFTOH6I+szx8QLJ07</latexit>

� = ✏ce�1/(|g|⌫F ) = 1.764Tc
<latexit sha1_base64="G8r2Eo3wjA/TActM7Pr7DzLI1cs="></latexit>

� ⇠ g2�g2
c

gg2
c

<latexit sha1_base64="0A6WQTGNkRtxLn6Ya6v2P/RJjjo="></latexit>

(Kopnin & Sonin, PRL 2009)

<latexit sha1_base64="PAeDqawVwisZSO00E/IifciBJXM=">AAACDXicbZDLSgMxFIYz9VbrbdSlm2ArVJAyU0TdCMULuKxgL9ApJZOetqFJZkgyQil9ATe+ihsXirh17863Mb0stPpD4OM/53By/jDmTBvP+3JSC4tLyyvp1cza+sbmlru9U9VRoihUaMQjVQ+JBs4kVAwzHOqxAiJCDrWwfzmu1+5BaRbJOzOIoSlIV7IOo8RYq+XmcgHEmnHL9DwQTOaDSECXtK6OgjZwQ/D1Ya7lZr2CNxH+C/4Msmimcsv9DNoRTQRIQznRuuF7sWkOiTKMchhlgkRDTGifdKFhURIBujmcXDPCB9Zp406k7JMGT9yfE0MitB6I0HYKYnp6vjY2/6s1EtM5aw6ZjBMDkk4XdRKOTYTH0eA2U0ANH1ggVDH7V0x7RBFqbIAZG4I/f/JfqBYL/knh+LaYLV3M4kijPbSP8shHp6iEblAZVRBFD+gJvaBX59F5dt6c92lrypnN7KJfcj6+AavVmqc=</latexit>

✏c = min(!D, �E)



Mean field vs dispersion

Fermi surface:
R
d3p !

R
⌫(✏)d✏ ⇡ ⌫(✏F )

R
d✏

<latexit sha1_base64="Y2ZeBbhS5wMY49xeXXXvlMDxFOw="></latexit><latexit sha1_base64="Y2ZeBbhS5wMY49xeXXXvlMDxFOw="></latexit><latexit sha1_base64="Y2ZeBbhS5wMY49xeXXXvlMDxFOw="></latexit><latexit sha1_base64="Y2ZeBbhS5wMY49xeXXXvlMDxFOw="></latexit>

Linear dispersion: ✏2 = v2F p
2

<latexit sha1_base64="kFfl6DsZ5zbivGCFBNEIQAZnQQw=">AAACLnicbZDLSgMxFIYzXmu9VV26CbaCIJSZbhRBKAriwkUFe4FOWzLpaRuayYQkUyhDH8I3cedWX0JwIW5d+BCml4W2Hgj5+c/5Sc4XSM60cd13Z2l5ZXVtPbWR3tza3tnN7O1XdBQrCmUa8UjVAqKBMwFlwwyHmlRAwoBDNehfj/vVASjNIvFghhIaIekK1mGUGGu1Mqd3NkgUbjMtp2MXOOeD1IxHolnAl3jQurG3bBZyrU zWzbuTwovCm4ksmlWplfn22xGNQxCGcqJ13XOlaSREGUY5jNJ+rEES2iddqFspSAi6kUyWGuFj67RxJ1L2CIMn7u9EQkKth2FgJ0Nienq+Nzb/69Vj0zlvJEzI2ICg04c6MccmwmNCFoUCavjQCkIVs3/FtEcUocYCSvsaLGTRNT1fEsVE2y6X2LVGaYvHm4exKCqFvOfmvftCtng1A5VCh+gInSAPnaEiukUlVEYUPaJn9IJenSfnzflwPqejS84sc4D+lPP1AwKFp98=</latexit><latexit sha1_base64="kFfl6DsZ5zbivGCFBNEIQAZnQQw=">AAACLnicbZDLSgMxFIYzXmu9VV26CbaCIJSZbhRBKAriwkUFe4FOWzLpaRuayYQkUyhDH8I3cedWX0JwIW5d+BCml4W2Hgj5+c/5Sc4XSM60cd13Z2l5ZXVtPbWR3tza3tnN7O1XdBQrCmUa8UjVAqKBMwFlwwyHmlRAwoBDNehfj/vVASjNIvFghhIaIekK1mGUGGu1Mqd3NkgUbjMtp2MXOOeD1IxHolnAl3jQurG3bBZyrU zWzbuTwovCm4ksmlWplfn22xGNQxCGcqJ13XOlaSREGUY5jNJ+rEES2iddqFspSAi6kUyWGuFj67RxJ1L2CIMn7u9EQkKth2FgJ0Nienq+Nzb/69Vj0zlvJEzI2ICg04c6MccmwmNCFoUCavjQCkIVs3/FtEcUocYCSvsaLGTRNT1fEsVE2y6X2LVGaYvHm4exKCqFvOfmvftCtng1A5VCh+gInSAPnaEiukUlVEYUPaJn9IJenSfnzflwPqejS84sc4D+lPP1AwKFp98=</latexit><latexit sha1_base64="kFfl6DsZ5zbivGCFBNEIQAZnQQw=">AAACLnicbZDLSgMxFIYzXmu9VV26CbaCIJSZbhRBKAriwkUFe4FOWzLpaRuayYQkUyhDH8I3cedWX0JwIW5d+BCml4W2Hgj5+c/5Sc4XSM60cd13Z2l5ZXVtPbWR3tza3tnN7O1XdBQrCmUa8UjVAqKBMwFlwwyHmlRAwoBDNehfj/vVASjNIvFghhIaIekK1mGUGGu1Mqd3NkgUbjMtp2MXOOeD1IxHolnAl3jQurG3bBZyrU zWzbuTwovCm4ksmlWplfn22xGNQxCGcqJ13XOlaSREGUY5jNJ+rEES2iddqFspSAi6kUyWGuFj67RxJ1L2CIMn7u9EQkKth2FgJ0Nienq+Nzb/69Vj0zlvJEzI2ICg04c6MccmwmNCFoUCavjQCkIVs3/FtEcUocYCSvsaLGTRNT1fEsVE2y6X2LVGaYvHm4exKCqFvOfmvftCtng1A5VCh+gInSAPnaEiukUlVEYUPaJn9IJenSfnzflwPqejS84sc4D+lPP1AwKFp98=</latexit><latexit sha1_base64="kFfl6DsZ5zbivGCFBNEIQAZnQQw=">AAACLnicbZDLSgMxFIYzXmu9VV26CbaCIJSZbhRBKAriwkUFe4FOWzLpaRuayYQkUyhDH8I3cedWX0JwIW5d+BCml4W2Hgj5+c/5Sc4XSM60cd13Z2l5ZXVtPbWR3tza3tnN7O1XdBQrCmUa8UjVAqKBMwFlwwyHmlRAwoBDNehfj/vVASjNIvFghhIaIekK1mGUGGu1Mqd3NkgUbjMtp2MXOOeD1IxHolnAl3jQurG3bBZyrU zWzbuTwovCm4ksmlWplfn22xGNQxCGcqJ13XOlaSREGUY5jNJ+rEES2iddqFspSAi6kUyWGuFj67RxJ1L2CIMn7u9EQkKth2FgJ0Nienq+Nzb/69Vj0zlvJEzI2ICg04c6MccmwmNCFoUCavjQCkIVs3/FtEcUocYCSvsaLGTRNT1fEsVE2y6X2LVGaYvHm4exKCqFvOfmvftCtng1A5VCh+gInSAPnaEiukUlVEYUPaJn9IJenSfnzflwPqejS84sc4D+lPP1AwKFp98=</latexit>

) � = 4⇡2~2v2F
g2�g2

c
gg2

c
, gc = ⇡2v2F~2/✏c

<latexit sha1_base64="EeRHfKRoJ7P5dai3TOZ2MHI+DqA="></latexit><latexit sha1_base64="EeRHfKRoJ7P5dai3TOZ2MHI+DqA="></latexit><latexit sha1_base64="EeRHfKRoJ7P5dai3TOZ2MHI+DqA="></latexit><latexit sha1_base64="EeRHfKRoJ7P5dai3TOZ2MHI+DqA="></latexit>

Quantum critical point!

(2D case)

Flat band: � � ✏(~p) for p 2 ⌦FB
<latexit sha1_base64="agq8dZFEWGxceEaaNjADbtCDy7I="></latexit><latexit sha1_base64="agq8dZFEWGxceEaaNjADbtCDy7I="></latexit><latexit sha1_base64="agq8dZFEWGxceEaaNjADbtCDy7I="></latexit><latexit sha1_base64="agq8dZFEWGxceEaaNjADbtCDy7I="></latexit>

Exp suppression!

Linear in g!

g > gc
<latexit sha1_base64="EjmfiHv/lwEC0psvuNs8s2Ifp4I=">AAACCXicdVDLSsNAFJ3UV42vqks3g63gqiTd6EqKblxWsA9oQplMJunQySTM3Agl9AvcudWfcCdu/Qr/wY9w+hDq68DA4Zx7mXtOkAmuwXHerdLK6tr6RnnT3tre2d2r7B90dJoryto0FanqBUQzwSVrAwfBepliJAkE6wajq6nfvWNK81TewjhjfkJiySNOCRipV4svcDygtUGl6tadGbDzi3xZVbRAa1D58MKU5gmTQAXRuu86GfgFUcCpYBPbyzXLCB2RmPUNlSRh2i9m907wiVFCHKXKPAl4pi5vFCTRepwEZjIhMNQ/van4l9fPITr3Cy6zHJik84+iXGBI8TQ8DrliFMTYEEIVN7diOiSKUDAV2Z5mpj8Zw9DLiOIyNOEKE2tiL9fzP+k06q5Td28a1ebloqgyOkLH6BS56Aw10TVqoTaiSKAH9IierHvr2XqxXuejJWuxc4i+wXr7BD0Emfw=</latexit><latexit sha1_base64="EjmfiHv/lwEC0psvuNs8s2Ifp4I=">AAACCXicdVDLSsNAFJ3UV42vqks3g63gqiTd6EqKblxWsA9oQplMJunQySTM3Agl9AvcudWfcCdu/Qr/wY9w+hDq68DA4Zx7mXtOkAmuwXHerdLK6tr6RnnT3tre2d2r7B90dJoryto0FanqBUQzwSVrAwfBepliJAkE6wajq6nfvWNK81TewjhjfkJiySNOCRipV4svcDygtUGl6tadGbDzi3xZVbRAa1D58MKU5gmTQAXRuu86GfgFUcCpYBPbyzXLCB2RmPUNlSRh2i9m907wiVFCHKXKPAl4pi5vFCTRepwEZjIhMNQ/van4l9fPITr3Cy6zHJik84+iXGBI8TQ8DrliFMTYEEIVN7diOiSKUDAV2Z5mpj8Zw9DLiOIyNOEKE2tiL9fzP+k06q5Td28a1ebloqgyOkLH6BS56Aw10TVqoTaiSKAH9IierHvr2XqxXuejJWuxc4i+wXr7BD0Emfw=</latexit><latexit sha1_base64="EjmfiHv/lwEC0psvuNs8s2Ifp4I=">AAACCXicdVDLSsNAFJ3UV42vqks3g63gqiTd6EqKblxWsA9oQplMJunQySTM3Agl9AvcudWfcCdu/Qr/wY9w+hDq68DA4Zx7mXtOkAmuwXHerdLK6tr6RnnT3tre2d2r7B90dJoryto0FanqBUQzwSVrAwfBepliJAkE6wajq6nfvWNK81TewjhjfkJiySNOCRipV4svcDygtUGl6tadGbDzi3xZVbRAa1D58MKU5gmTQAXRuu86GfgFUcCpYBPbyzXLCB2RmPUNlSRh2i9m907wiVFCHKXKPAl4pi5vFCTRepwEZjIhMNQ/van4l9fPITr3Cy6zHJik84+iXGBI8TQ8DrliFMTYEEIVN7diOiSKUDAV2Z5mpj8Zw9DLiOIyNOEKE2tiL9fzP+k06q5Td28a1ebloqgyOkLH6BS56Aw10TVqoTaiSKAH9IierHvr2XqxXuejJWuxc4i+wXr7BD0Emfw=</latexit><latexit sha1_base64="EjmfiHv/lwEC0psvuNs8s2Ifp4I=">AAACCXicdVDLSsNAFJ3UV42vqks3g63gqiTd6EqKblxWsA9oQplMJunQySTM3Agl9AvcudWfcCdu/Qr/wY9w+hDq68DA4Zx7mXtOkAmuwXHerdLK6tr6RnnT3tre2d2r7B90dJoryto0FanqBUQzwSVrAwfBepliJAkE6wajq6nfvWNK81TewjhjfkJiySNOCRipV4svcDygtUGl6tadGbDzi3xZVbRAa1D58MKU5gmTQAXRuu86GfgFUcCpYBPbyzXLCB2RmPUNlSRh2i9m907wiVFCHKXKPAl4pi5vFCTRepwEZjIhMNQ/van4l9fPITr3Cy6zHJik84+iXGBI8TQ8DrliFMTYEEIVN7diOiSKUDAV2Z5mpj8Zw9DLiOIyNOEKE2tiL9fzP+k06q5Td28a1ebloqgyOkLH6BS56Aw10TVqoTaiSKAH9IierHvr2XqxXuejJWuxc4i+wXr7BD0Emfw=</latexit>

Fermi surface:
<latexit sha1_base64="hN2C1Oovnzs2qw3vtJcq16ss2kk=">AAACD3icbZDLSsNAFIYn9VbjrerSzWARXJWkLhRXRUFcVrAXaGKZTE7aoZNJmJkIJfQh3LnVl3Anbn0E38GHcNpmoa0/DPz85xzmnC9IOVPacb6s0srq2vpGedPe2t7Z3avsH7RVkkkKLZrwRHYDooAzAS3NNIduKoHEAYdOMLqe1juPIBVLxL0ep+DHZCBYxCjRJnq4ARkzrDIZEQqX/UrVqTkz4WXjFqaKCjX7lW8vTGgWg9 CUE6V6rpNqPydSM8phYnuZgpTQERlAz1hBYlB+Ptt6gk9MEuIokeYJjWfp74mcxEqN48B0xkQP1WJtGv5X62U6uvBzJtJMg6Dzj6KMY53gKQIcMglU87ExhEpmdsV0SCSh2oCyPQWGohjooZcSyURojsvNWRPb4HEXYSybdr3mntXqd/Vq46oAVUZH6BidIhedowa6RU3UQhRJ9Ixe0Kv1ZL1Z79bHvLVkFTOH6I+szx8QLJ07</latexit>

� = ✏ce�1/(|g|⌫F ) = 1.764Tc
<latexit sha1_base64="G8r2Eo3wjA/TActM7Pr7DzLI1cs="></latexit>

� ⇠ g2�g2
c

gg2
c

<latexit sha1_base64="0A6WQTGNkRtxLn6Ya6v2P/RJjjo="></latexit>

(Kopnin & Sonin, PRL 2009)

� ⇠ g⌦FB
<latexit sha1_base64="5oWt6q88ycn9FwS62UIxNJQ7d4Y="></latexit>

<latexit sha1_base64="PAeDqawVwisZSO00E/IifciBJXM=">AAACDXicbZDLSgMxFIYz9VbrbdSlm2ArVJAyU0TdCMULuKxgL9ApJZOetqFJZkgyQil9ATe+ihsXirh17863Mb0stPpD4OM/53By/jDmTBvP+3JSC4tLyyvp1cza+sbmlru9U9VRoihUaMQjVQ+JBs4kVAwzHOqxAiJCDrWwfzmu1+5BaRbJOzOIoSlIV7IOo8RYq+XmcgHEmnHL9DwQTOaDSECXtK6OgjZwQ/D1Ya7lZr2CNxH+C/4Msmimcsv9DNoRTQRIQznRuuF7sWkOiTKMchhlgkRDTGifdKFhURIBujmcXDPCB9Zp406k7JMGT9yfE0MitB6I0HYKYnp6vjY2/6s1EtM5aw6ZjBMDkk4XdRKOTYTH0eA2U0ANH1ggVDH7V0x7RBFqbIAZG4I/f/JfqBYL/knh+LaYLV3M4kijPbSP8shHp6iEblAZVRBFD+gJvaBX59F5dt6c92lrypnN7KJfcj6+AavVmqc=</latexit>

✏c = min(!D, �E)

Kopnin, TTH, G.E. Volovik, PRB 83, 220503 (R) (2011)



Mean field vs dispersion

Fermi surface:
R
d3p !

R
⌫(✏)d✏ ⇡ ⌫(✏F )

R
d✏

<latexit sha1_base64="Y2ZeBbhS5wMY49xeXXXvlMDxFOw="></latexit><latexit sha1_base64="Y2ZeBbhS5wMY49xeXXXvlMDxFOw="></latexit><latexit sha1_base64="Y2ZeBbhS5wMY49xeXXXvlMDxFOw="></latexit><latexit sha1_base64="Y2ZeBbhS5wMY49xeXXXvlMDxFOw="></latexit>

Linear dispersion: ✏2 = v2F p
2

<latexit sha1_base64="kFfl6DsZ5zbivGCFBNEIQAZnQQw=">AAACLnicbZDLSgMxFIYzXmu9VV26CbaCIJSZbhRBKAriwkUFe4FOWzLpaRuayYQkUyhDH8I3cedWX0JwIW5d+BCml4W2Hgj5+c/5Sc4XSM60cd13Z2l5ZXVtPbWR3tza3tnN7O1XdBQrCmUa8UjVAqKBMwFlwwyHmlRAwoBDNehfj/vVASjNIvFghhIaIekK1mGUGGu1Mqd3NkgUbjMtp2MXOOeD1IxHolnAl3jQurG3bBZyrU zWzbuTwovCm4ksmlWplfn22xGNQxCGcqJ13XOlaSREGUY5jNJ+rEES2iddqFspSAi6kUyWGuFj67RxJ1L2CIMn7u9EQkKth2FgJ0Nienq+Nzb/69Vj0zlvJEzI2ICg04c6MccmwmNCFoUCavjQCkIVs3/FtEcUocYCSvsaLGTRNT1fEsVE2y6X2LVGaYvHm4exKCqFvOfmvftCtng1A5VCh+gInSAPnaEiukUlVEYUPaJn9IJenSfnzflwPqejS84sc4D+lPP1AwKFp98=</latexit><latexit sha1_base64="kFfl6DsZ5zbivGCFBNEIQAZnQQw=">AAACLnicbZDLSgMxFIYzXmu9VV26CbaCIJSZbhRBKAriwkUFe4FOWzLpaRuayYQkUyhDH8I3cedWX0JwIW5d+BCml4W2Hgj5+c/5Sc4XSM60cd13Z2l5ZXVtPbWR3tza3tnN7O1XdBQrCmUa8UjVAqKBMwFlwwyHmlRAwoBDNehfj/vVASjNIvFghhIaIekK1mGUGGu1Mqd3NkgUbjMtp2MXOOeD1IxHolnAl3jQurG3bBZyrU zWzbuTwovCm4ksmlWplfn22xGNQxCGcqJ13XOlaSREGUY5jNJ+rEES2iddqFspSAi6kUyWGuFj67RxJ1L2CIMn7u9EQkKth2FgJ0Nienq+Nzb/69Vj0zlvJEzI2ICg04c6MccmwmNCFoUCavjQCkIVs3/FtEcUocYCSvsaLGTRNT1fEsVE2y6X2LVGaYvHm4exKCqFvOfmvftCtng1A5VCh+gInSAPnaEiukUlVEYUPaJn9IJenSfnzflwPqejS84sc4D+lPP1AwKFp98=</latexit><latexit sha1_base64="kFfl6DsZ5zbivGCFBNEIQAZnQQw=">AAACLnicbZDLSgMxFIYzXmu9VV26CbaCIJSZbhRBKAriwkUFe4FOWzLpaRuayYQkUyhDH8I3cedWX0JwIW5d+BCml4W2Hgj5+c/5Sc4XSM60cd13Z2l5ZXVtPbWR3tza3tnN7O1XdBQrCmUa8UjVAqKBMwFlwwyHmlRAwoBDNehfj/vVASjNIvFghhIaIekK1mGUGGu1Mqd3NkgUbjMtp2MXOOeD1IxHolnAl3jQurG3bBZyrU zWzbuTwovCm4ksmlWplfn22xGNQxCGcqJ13XOlaSREGUY5jNJ+rEES2iddqFspSAi6kUyWGuFj67RxJ1L2CIMn7u9EQkKth2FgJ0Nienq+Nzb/69Vj0zlvJEzI2ICg04c6MccmwmNCFoUCavjQCkIVs3/FtEcUocYCSvsaLGTRNT1fEsVE2y6X2LVGaYvHm4exKCqFvOfmvftCtng1A5VCh+gInSAPnaEiukUlVEYUPaJn9IJenSfnzflwPqejS84sc4D+lPP1AwKFp98=</latexit><latexit sha1_base64="kFfl6DsZ5zbivGCFBNEIQAZnQQw=">AAACLnicbZDLSgMxFIYzXmu9VV26CbaCIJSZbhRBKAriwkUFe4FOWzLpaRuayYQkUyhDH8I3cedWX0JwIW5d+BCml4W2Hgj5+c/5Sc4XSM60cd13Z2l5ZXVtPbWR3tza3tnN7O1XdBQrCmUa8UjVAqKBMwFlwwyHmlRAwoBDNehfj/vVASjNIvFghhIaIekK1mGUGGu1Mqd3NkgUbjMtp2MXOOeD1IxHolnAl3jQurG3bBZyrU zWzbuTwovCm4ksmlWplfn22xGNQxCGcqJ13XOlaSREGUY5jNJ+rEES2iddqFspSAi6kUyWGuFj67RxJ1L2CIMn7u9EQkKth2FgJ0Nienq+Nzb/69Vj0zlvJEzI2ICg04c6MccmwmNCFoUCavjQCkIVs3/FtEcUocYCSvsaLGTRNT1fEsVE2y6X2LVGaYvHm4exKCqFvOfmvftCtng1A5VCh+gInSAPnaEiukUlVEYUPaJn9IJenSfnzflwPqejS84sc4D+lPP1AwKFp98=</latexit>

) � = 4⇡2~2v2F
g2�g2

c
gg2

c
, gc = ⇡2v2F~2/✏c

<latexit sha1_base64="EeRHfKRoJ7P5dai3TOZ2MHI+DqA="></latexit><latexit sha1_base64="EeRHfKRoJ7P5dai3TOZ2MHI+DqA="></latexit><latexit sha1_base64="EeRHfKRoJ7P5dai3TOZ2MHI+DqA="></latexit><latexit sha1_base64="EeRHfKRoJ7P5dai3TOZ2MHI+DqA="></latexit>

Quantum critical point!

(2D case)

Flat band: � � ✏(~p) for p 2 ⌦FB
<latexit sha1_base64="agq8dZFEWGxceEaaNjADbtCDy7I="></latexit><latexit sha1_base64="agq8dZFEWGxceEaaNjADbtCDy7I="></latexit><latexit sha1_base64="agq8dZFEWGxceEaaNjADbtCDy7I="></latexit><latexit sha1_base64="agq8dZFEWGxceEaaNjADbtCDy7I="></latexit>

Exp suppression!

Linear in g!

g > gc
<latexit sha1_base64="EjmfiHv/lwEC0psvuNs8s2Ifp4I=">AAACCXicdVDLSsNAFJ3UV42vqks3g63gqiTd6EqKblxWsA9oQplMJunQySTM3Agl9AvcudWfcCdu/Qr/wY9w+hDq68DA4Zx7mXtOkAmuwXHerdLK6tr6RnnT3tre2d2r7B90dJoryto0FanqBUQzwSVrAwfBepliJAkE6wajq6nfvWNK81TewjhjfkJiySNOCRipV4svcDygtUGl6tadGbDzi3xZVbRAa1D58MKU5gmTQAXRuu86GfgFUcCpYBPbyzXLCB2RmPUNlSRh2i9m907wiVFCHKXKPAl4pi5vFCTRepwEZjIhMNQ/van4l9fPITr3Cy6zHJik84+iXGBI8TQ8DrliFMTYEEIVN7diOiSKUDAV2Z5mpj8Zw9DLiOIyNOEKE2tiL9fzP+k06q5Td28a1ebloqgyOkLH6BS56Aw10TVqoTaiSKAH9IierHvr2XqxXuejJWuxc4i+wXr7BD0Emfw=</latexit><latexit sha1_base64="EjmfiHv/lwEC0psvuNs8s2Ifp4I=">AAACCXicdVDLSsNAFJ3UV42vqks3g63gqiTd6EqKblxWsA9oQplMJunQySTM3Agl9AvcudWfcCdu/Qr/wY9w+hDq68DA4Zx7mXtOkAmuwXHerdLK6tr6RnnT3tre2d2r7B90dJoryto0FanqBUQzwSVrAwfBepliJAkE6wajq6nfvWNK81TewjhjfkJiySNOCRipV4svcDygtUGl6tadGbDzi3xZVbRAa1D58MKU5gmTQAXRuu86GfgFUcCpYBPbyzXLCB2RmPUNlSRh2i9m907wiVFCHKXKPAl4pi5vFCTRepwEZjIhMNQ/van4l9fPITr3Cy6zHJik84+iXGBI8TQ8DrliFMTYEEIVN7diOiSKUDAV2Z5mpj8Zw9DLiOIyNOEKE2tiL9fzP+k06q5Td28a1ebloqgyOkLH6BS56Aw10TVqoTaiSKAH9IierHvr2XqxXuejJWuxc4i+wXr7BD0Emfw=</latexit><latexit sha1_base64="EjmfiHv/lwEC0psvuNs8s2Ifp4I=">AAACCXicdVDLSsNAFJ3UV42vqks3g63gqiTd6EqKblxWsA9oQplMJunQySTM3Agl9AvcudWfcCdu/Qr/wY9w+hDq68DA4Zx7mXtOkAmuwXHerdLK6tr6RnnT3tre2d2r7B90dJoryto0FanqBUQzwSVrAwfBepliJAkE6wajq6nfvWNK81TewjhjfkJiySNOCRipV4svcDygtUGl6tadGbDzi3xZVbRAa1D58MKU5gmTQAXRuu86GfgFUcCpYBPbyzXLCB2RmPUNlSRh2i9m907wiVFCHKXKPAl4pi5vFCTRepwEZjIhMNQ/van4l9fPITr3Cy6zHJik84+iXGBI8TQ8DrliFMTYEEIVN7diOiSKUDAV2Z5mpj8Zw9DLiOIyNOEKE2tiL9fzP+k06q5Td28a1ebloqgyOkLH6BS56Aw10TVqoTaiSKAH9IierHvr2XqxXuejJWuxc4i+wXr7BD0Emfw=</latexit><latexit sha1_base64="EjmfiHv/lwEC0psvuNs8s2Ifp4I=">AAACCXicdVDLSsNAFJ3UV42vqks3g63gqiTd6EqKblxWsA9oQplMJunQySTM3Agl9AvcudWfcCdu/Qr/wY9w+hDq68DA4Zx7mXtOkAmuwXHerdLK6tr6RnnT3tre2d2r7B90dJoryto0FanqBUQzwSVrAwfBepliJAkE6wajq6nfvWNK81TewjhjfkJiySNOCRipV4svcDygtUGl6tadGbDzi3xZVbRAa1D58MKU5gmTQAXRuu86GfgFUcCpYBPbyzXLCB2RmPUNlSRh2i9m907wiVFCHKXKPAl4pi5vFCTRepwEZjIhMNQ/van4l9fPITr3Cy6zHJik84+iXGBI8TQ8DrliFMTYEEIVN7diOiSKUDAV2Z5mpj8Zw9DLiOIyNOEKE2tiL9fzP+k06q5Td28a1ebloqgyOkLH6BS56Aw10TVqoTaiSKAH9IierHvr2XqxXuejJWuxc4i+wXr7BD0Emfw=</latexit>

Fermi surface:
<latexit sha1_base64="hN2C1Oovnzs2qw3vtJcq16ss2kk=">AAACD3icbZDLSsNAFIYn9VbjrerSzWARXJWkLhRXRUFcVrAXaGKZTE7aoZNJmJkIJfQh3LnVl3Anbn0E38GHcNpmoa0/DPz85xzmnC9IOVPacb6s0srq2vpGedPe2t7Z3avsH7RVkkkKLZrwRHYDooAzAS3NNIduKoHEAYdOMLqe1juPIBVLxL0ep+DHZCBYxCjRJnq4ARkzrDIZEQqX/UrVqTkz4WXjFqaKCjX7lW8vTGgWg9 CUE6V6rpNqPydSM8phYnuZgpTQERlAz1hBYlB+Ptt6gk9MEuIokeYJjWfp74mcxEqN48B0xkQP1WJtGv5X62U6uvBzJtJMg6Dzj6KMY53gKQIcMglU87ExhEpmdsV0SCSh2oCyPQWGohjooZcSyURojsvNWRPb4HEXYSybdr3mntXqd/Vq46oAVUZH6BidIhedowa6RU3UQhRJ9Ixe0Kv1ZL1Z79bHvLVkFTOH6I+szx8QLJ07</latexit>

� = ✏ce�1/(|g|⌫F ) = 1.764Tc
<latexit sha1_base64="G8r2Eo3wjA/TActM7Pr7DzLI1cs="></latexit>

� ⇠ g2�g2
c

gg2
c

<latexit sha1_base64="0A6WQTGNkRtxLn6Ya6v2P/RJjjo="></latexit>

(Kopnin & Sonin, PRL 2009)

� ⇠ g⌦FB
<latexit sha1_base64="5oWt6q88ycn9FwS62UIxNJQ7d4Y="></latexit>

<latexit sha1_base64="PAeDqawVwisZSO00E/IifciBJXM=">AAACDXicbZDLSgMxFIYz9VbrbdSlm2ArVJAyU0TdCMULuKxgL9ApJZOetqFJZkgyQil9ATe+ihsXirh17863Mb0stPpD4OM/53By/jDmTBvP+3JSC4tLyyvp1cza+sbmlru9U9VRoihUaMQjVQ+JBs4kVAwzHOqxAiJCDrWwfzmu1+5BaRbJOzOIoSlIV7IOo8RYq+XmcgHEmnHL9DwQTOaDSECXtK6OgjZwQ/D1Ya7lZr2CNxH+C/4Msmimcsv9DNoRTQRIQznRuuF7sWkOiTKMchhlgkRDTGifdKFhURIBujmcXDPCB9Zp406k7JMGT9yfE0MitB6I0HYKYnp6vjY2/6s1EtM5aw6ZjBMDkk4XdRKOTYTH0eA2U0ANH1ggVDH7V0x7RBFqbIAZG4I/f/JfqBYL/knh+LaYLV3M4kijPbSP8shHp6iEblAZVRBFD+gJvaBX59F5dt6c92lrypnN7KJfcj6+AavVmqc=</latexit>

✏c = min(!D, �E)

Kopnin, TTH, G.E. Volovik, PRB 83, 220503 (R) (2011)

<latexit sha1_base64="7tIxrpgJCIeMOuWJcXPzI58S4sc=">AAACHHicbVDLSgNBEJz1bXxFPXoZzAp6ibsqKp5EQTwqGBWSGGZne5MhszPLTK8Qgh/ixV/x4kERLx4E/8ZJDOKroKGo6qa7K8qksBgE797Q8Mjo2PjEZGFqemZ2rji/cG51bjhUuJbaXEbMghQKKihQwmVmgKWRhIuofdjzL67BWKHVGXYyqKesqUQiOEMnNYqbsUhB9WyqE+rXVN448vdouL4KCkyz4yQea/SpBNXEln8V+2uNYikoB33QLxL+JiUywEmj+FqLNc/dIuSSWVsNgwzrXWZQcAk3hVpuIWO8zZpQdVSxFGy923/uhq44JaaJNq4U0r76faLLUms7aeQ6U4Yt+9vrif951RyT3XpXqCxHUPxzUZJLipr2kqKxMMBRdhxh3Ah3K+UtZhhHl2fBhfDn5b/kfKMcbpe3TjdK+weDOCbIElkmqyQkO2SfHJMTUiGc3JJ78kievDvvwXv2Xj5bh7zBzCL5Ae/tA/Nxn2c=</latexit>

dimension of ⌫F : 1/(energy · lengthd)

<latexit sha1_base64="y/mutxmvn/zSO/Z+LAQySnLc5j0=">AAACF3icbVBNSwMxEM3Wr1q/qh69BFtBL3VXRMVTqSDerGBroa0lm51tg0l2SbJCWfovvPhXvHhQxKve/DemtYhaHww83pthZp4fc6aN6344manpmdm57HxuYXFpeSW/ulbXUaIo1GjEI9XwiQbOJNQMMxwasQIifA5X/s3J0L+6BaVZJC9NP4a2IF3JQkaJsVInXwqYADm0cRTiYutcQJd00pYS+LQyKB5jb3ebg+yaXvE6KO508gW35I6Av4n3lxTQGNVO/r0VRDSxOwzlROum58amnRJlGOUwyLUSDTGhN6QLTUslEaDb6eivAd6ySoDDSNmSBo/UnxMpEVr3hW87BTE9/dcbiv95zcSER+2UyTgxIOnXojDh2ER4GBIOmAJqeN8SQhWzt2LaI4pQY6PM2RAmXp4k9b2Sd1Dav9grlCvjOLJoA22ibeShQ1RGZ6iKaoiiO/SAntCzc+88Oi/O61drxhnPrKNfcN4+AbP/nbg=</latexit>

dimension of ⌦FB: 1/(lengthd)



Ok, but is it relevant?

• Where to find flat bands in real systems?
• Can they actually have non-vanishing 

supercurrent?
• How to describe the source of attractive 

interaction?
• What about other correlated phases?
• How to maximise the critical temperature?



• ABC stacked graphene 
 
 

Graphene-based flat bands

Kopnin, TTH, G.E. Volovik, PRB 83, 
220503 (R) (2011); N.B. Kopnin, M. 
Ijäs, A. Harju, and TTH, PRB 87, 
140503(R) (2013)

<latexit sha1_base64="EIuPLDWhXrUL7rvhYN4vdh213n8=">AAAB8XicbVDLTgJBEOzFF+IL9ehlI5h4IrvEqEeiF4+YyCPChvQOszBhZnYzM2tCCH/hxYPGePVvvPk3DrAHBSvppFLVne6uMOFMG8/7dnJr6xubW/ntws7u3v5B8fCoqeNUEdogMY9VO0RNOZO0YZjhtJ0oiiLktBWObmd+64kqzWL5YMYJDQQOJIsYQWOlx3J3gEJgzy/3iiWv4s3hrhI/IyXIUO8Vv7r9mKSCSkM4at3xvcQEE1SGEU6nhW6qaYJkhAPasVSioDqYzC+eumdW6btRrGxJ487V3xMTFFqPRWg7BZqhXvZm4n9eJzXRdTBhMkkNlWSxKEq5a2J39r7bZ4oSw8eWIFHM3uqSISokxoZUsCH4yy+vkma14l9WLu6rpdpNFkceTuAUzsGHK6jBHdShAQQkPMMrvDnaeXHenY9Fa87JZo7hD5zPH23LkBw=</latexit>�1



Bernal stacking of pairs of layers

Upper layer:
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From graphene to graphite

Bernal Rhombohedral

TTH & G.E. Volovik, arXiv:1504.05824



Bernal stacking of pairs of layers

Upper layer:



24

From graphene to graphite

Bernal Rhombohedral

TTH & G.E. Volovik, arXiv:1504.05824



Strongest hopping only
Rule: couple A to B, but not B to A

Two possibilities (and anything in between):

Rhombohedral Bernal

Unit cell in an
 infinite lattice



Rhombohedral multilayer
Low-energy spectrum: decaying surface states

Large N: flat band!



• ABC stacked graphene 
 
 

• Periodically strained graphene 
 
 

Graphene-based flat bands

Strain amplitude

Strain period

TTH & G.E. Volovik, 
arXiv:1504.05824; Kauppila, 
Aikebaier, TTH, PRB 2016; 
Peltonen & TTH, JPCM 2020

<latexit sha1_base64="EIuPLDWhXrUL7rvhYN4vdh213n8=">AAAB8XicbVDLTgJBEOzFF+IL9ehlI5h4IrvEqEeiF4+YyCPChvQOszBhZnYzM2tCCH/hxYPGePVvvPk3DrAHBSvppFLVne6uMOFMG8/7dnJr6xubW/ntws7u3v5B8fCoqeNUEdogMY9VO0RNOZO0YZjhtJ0oiiLktBWObmd+64kqzWL5YMYJDQQOJIsYQWOlx3J3gEJgzy/3iiWv4s3hrhI/IyXIUO8Vv7r9mKSCSkM4at3xvcQEE1SGEU6nhW6qaYJkhAPasVSioDqYzC+eumdW6btRrGxJ487V3xMTFFqPRWg7BZqhXvZm4n9eJzXRdTBhMkkNlWSxKEq5a2J39r7bZ4oSw8eWIFHM3uqSISokxoZUsCH4yy+vkma14l9WLu6rpdpNFkceTuAUzsGHK6jBHdShAQQkPMMrvDnaeXHenY9Fa87JZo7hD5zPH23LkBw=</latexit>�1



• ABC stacked graphene 
 
 

• Periodically strained graphene 
 
 

• Twisted bilayer graphene

Graphene-based flat bands

Strain amplitude

Strain period

<latexit sha1_base64="EIuPLDWhXrUL7rvhYN4vdh213n8=">AAAB8XicbVDLTgJBEOzFF+IL9ehlI5h4IrvEqEeiF4+YyCPChvQOszBhZnYzM2tCCH/hxYPGePVvvPk3DrAHBSvppFLVne6uMOFMG8/7dnJr6xubW/ntws7u3v5B8fCoqeNUEdogMY9VO0RNOZO0YZjhtJ0oiiLktBWObmd+64kqzWL5YMYJDQQOJIsYQWOlx3J3gEJgzy/3iiWv4s3hrhI/IyXIUO8Vv7r9mKSCSkM4at3xvcQEE1SGEU6nhW6qaYJkhAPasVSioDqYzC+eumdW6btRrGxJ487V3xMTFFqPRWg7BZqhXvZm4n9eJzXRdTBhMkkNlWSxKEq5a2J39r7bZ4oSw8eWIFHM3uqSISokxoZUsCH4yy+vkma14l9WLu6rpdpNFkceTuAUzsGHK6jBHdShAQQkPMMrvDnaeXHenY9Fa87JZo7hD5zPH23LkBw=</latexit>�1

Suarez-Morell et al. 2010
Bistritzer-MacDonald 2011



Signature of correlations, not superconductivity



Twisted bilayer graphene

TTH & T. Hyart, Europhysics News 50, 24 (2019)

Possible to extend to twisted double bilayers etc.



But wait! 
If Fermi speed tends to zero, electrons become completely localised! 
How can they superconduct?

<latexit sha1_base64="Ca/INJGvSRHdzKdWUm2pVUJJKcs="></latexit>

Superfluid weight Ds in js = Dsr'
<latexit sha1_base64="yoThKIe6wa6nHZTwfJKm0e9byrM="></latexit>

Conventional superconductor: Ds =
ns
meff

<latexit sha1_base64="9Gsg1AyvxdOWQMyoeEXtQ0CNzHE="></latexit>

2D: transition at T = TBKT, TBKT = ⇡
8

p
detDs(TBKT)

For a trivial flat band, Ds=0 and TBKT=0
BKT=Berezinskii-Kosterlitz-Thouless



Quantum geometry of the Bloch bands may change 
the superfluid weight in multiorbital systems

<latexit sha1_base64="0JD1+j+WT2FFH/58LJ1B1R/M5tQ="></latexit>

Multiorbital superconductor:

Bloch functions are vectors | ki =
✓
�k,A

�k,B

◆

<latexit sha1_base64="eRYLAl95R+BNBes0DycvTJIxGNA="></latexit>

Ds = Ds,conv +Ds,geom

<latexit sha1_base64="hwiM64Qui0FY+/cT1zZRsrrmDNY="></latexit> ns
meff

<latexit sha1_base64="PtAjlnyCL1vmxtJIuvprTuB0oms="></latexit>

”geometric contribution”

S. Peotta & P. Törmä, Nat. Commun. 6, 8944 (2015)
Törmä, Peotta, Bernevig, Nat. Rev. Phys. (2022)
K.E. Huhtinen, et al., PRB 106, 014518 (2022)
… and many others



Bloch’s theorem
• Position representation of the Hamiltonian: H(~r) = h~r|Ĥ|~ri

• Lattice periodic Hamiltonian:

H(~r + ~n · ~a) = H(~r), ~n 2 Zd
,~a 2 Rd

• Define H(~k) = h~k|Ĥ|~ki

• Lattice periodicity requires that H(~k+~n ·~b) = H(~k), where ~bi ·~aj = 2⇡�ij .

• First Brillouin zone: {~k}1stBZ = {~k mod ~b} ⇠= T
d

• H(~k): T
d 7! eigenvectors |✏n~ki and -values ✏n~k  n, ✏n



Berry phase

Cyclic adiabatic time evolution:
H = H(X(t)), instantaneous eigenstate |�n(X(t))i
State at time t:

| n(t)i = e
i�n(t)e

� i
~
R t
0 dt0✏n(X(t0))|�n(X(t)i

dynamic phasegeometric phase



Geometric phase
Adiabatic changes of a wf with respect to a change in parameter X:
Geometric phase

↵ =

Z

CX

�ih |rX i| {z }
~A

· ~dX

Closed loop: Berry phase

�X =

I

C

~A · ~dX =

Z

SC

r⇥ ~AdS

Berry connection,
analogue of vector potential

� =

Z

CX

�ih |rX i| {z }
~A

· ~dX

<latexit sha1_base64="IlXuogB5aA/R0+Hyikyhcw19Klc="></latexit>

”Topological charge”

<latexit sha1_base64="ULGnG0M64HyIXPatcyeKIWWgTCo="></latexit>

= ⌦, berry curvature

<latexit sha1_base64="j7A2Ex7nKET09lJMzFSfjpw0B+A="></latexit>

r⇥ ~A| {z }

<latexit sha1_base64="OVbFBW9f/koZfXFVTWx87X+jIP4=">AAACinicbZHNjtMwFIXd8DeUgenADjYWHSQ2VEmF+BXSiGHBjkHQmYo6qhznJrFqO5F9A1Qmr8Z7sGcLz4DT6QJmuJKlo3Pula8/Z42SDuP4xyC6dPnK1Ws714c3dm/e2hvt3z5xdWsFzEStajvPuAMlDcxQooJ5Y4HrTMFptjrq89PPYJ2szUdcN5BqXhpZSMExWMvR/KgCa6hpdQb2BT0wr1hhufCPZOenrJEdZdLg0jOEr+ iFqh3k1LW24AK6EL7TUHKaf+jbqGeaY5Vl9FN3sByN40m8KXpRJFsxJts6Xu4P7rK8Fq0Gg0Jx5xZJ3GDquUUpFHRD1jpouFjxEhZBGq7BpX6DoKMP2n6xorbhGKQb9+8Jz7Vza52Fzn5Hdz7rzf9lixaLZ6mXpmkRjDi7qGgVxZr2PGkuLQhU6yC4sDLsSkXFA0IM1IfMwBdRa81N7tkKsFskqWcKCvw2TpiVZYXMclNu3ucgfJ8psfKs4VaaPJDofIDQDQPN5Dy7i+JkOkmeTB6/n44PX2+57pB75D55SBLylBySt+SYzIgg38lP8ov8jnajafQ8ennWGg22M3fIPxW9+QP6psjV</latexit>

Chern number: n = �i
2⇡

R
closed surface ⌦dS 2 Z



Quantum geometric tensor

<latexit sha1_base64="YZb24dikSuuC8plJZOhkrBZisMY="></latexit>

B↵,ij(p) = h@i ↵|(1N � | ↵ih ↵|)|@j ↵i
= Tr[(@iP↵)(1� P↵)(@jP↵)]

<latexit sha1_base64="12uHb0gRhu92uS8KeKqbyQJVtyU="></latexit>

@

@pi

<latexit sha1_base64="dOXwR4+UsX5t0utHa1ZtXknciqw="></latexit>

B↵,ij(p) ⌘ g↵,ij(p)�
i

2
⌦↵,ij(p)

Quantum metric 
“Fubini-Study metric”

Pedagogical introduction:
A. Graf & F. Piéchon, PRB 104, 085114 (2021)

Berry curvature

<latexit sha1_base64="BoOLAHZvjJvPJ0tkL4z0f7nUSC0="></latexit>

P↵ = | ↵ih ↵|



For isolated flat bands, the quantum 
metric provides the superfluid weight

S. Peotta & P. Törmä, Nat. Commun. 6, 8944 (2015)
Törmä, Peotta, Bernevig, Nat. Rev. Phys. (2022)
K.E. Huhtinen, et al., PRB 106, 014518 (2022)
… and many others

Figure: Teemu Peltonen

Note: one needs to consider the smallest 
possible quantum metric



Approximate flat band
<latexit sha1_base64="NXYbMggaWRRXgRuSVlpH3rlNSpc="></latexit>

Flat band picture is an idealisation.
Typically: � vs linewidth �E. Use �FB ⌘ g⌦FB/(8⇡)

• If �FB > �E, � ⇡ �FB

• For �FB . �E, � ⇡ �Ee�1/(g⌫F ) or something more complicated…

<latexit sha1_base64="AVELgwEnS3PWN14qocjHGTJxmWk="></latexit>

Alternative (often takes place roughly simultaneously):

• Conventional: Ds,conv. > Ds,geom

• Flat-band limit: Ds,conv. < Ds,geom



BKT physics in twisted 
bilayer graphene

A. Julku, T. Peltonen, L. Liang, TTH, P. Törmä, Phys. Rev. B 101, 060505 (2020)
(see also X. Hu, et al., PRL 123, 237002 (2019); Xie, et al., PRL 124, 167002 (2020), Peri, et al., arXiv:2008.02288).

RVB

� ⇡ 0.4 meV

<latexit sha1_base64="/nR8mhTl9PfJTqsOZmtLnwVCpQo="></latexit>

local

Conventional and 
geometric contributions



Electron-phonon model
Previous models independent of the source of 
attractive interaction
Eliashberg theory: 
• (Retarded) attractive interaction  

from electron-phonon coupling
• Possibility of including direct Coulomb 

interactions (Anderson-Morel pseudopotential)
<latexit sha1_base64="xBVwlUPnR006OPcjq+Brml8i5bQ="></latexit>

Screened Coulomb; including retardation: coupling constant u,
electron-phonon: coupling constant �

<latexit sha1_base64="yVLcAyDRtFZZyP0L1i0Gw5HrPck=">AAACHnicbVDLTgIxFO3gC/GFunTTCCZuJDPE18aEwMYlPngkQEin3IGGTmfSdjCE8CVu/BU3LjTGxJX+jR1goeBJmpycc27be9yQM6Vt+9tKLC2vrK4l11Mbm1vbO+ndvaoKIkmhQgMeyLpLFHAmoKKZ5lAPJRDf5VBz+6XYrw1AKhaIez0MoeWTrmAeo0QbqZ0+yzZvWbeniZTBQxaD5wHVbAC4WLrDTGiQhMZJnO1eNbm5t0NOomw7nbFz9gR4kTgzkkEzlNvpz2YnoJEPQlNOlGo4dqhbIyI1oxzGqWakICS0T7rQMFQQH1RrNFlvjI+M0sFeIM0RGk/U3xMj4is19F2T9InuqXkvFv/zGpH2LlsjJsJIg6DTh7yIYx3guCvcYdK0wYeGECqZ+SumPRI3YhpNmRKc+ZUXSTWfc85zpzf5TKE4qyOJDtAhOkYOukAFdI3KqIIoekTP6BW9WU/Wi/VufUyjCWs2s4/+wPr6AZTWoYU=</latexit>

) e↵ective BCS interaction g = �� u



Mental picture
<latexit sha1_base64="3HO9L8GbHem6aRUvnkqjbN0W6c0="></latexit>

Attractive interaction from exchange of a boson with frequency !b

<latexit sha1_base64="ouYYIC8F4mEN5cxq2lb4ijvyoic="></latexit>

Interaction energy: � ⇠ g2

!b

<latexit sha1_base64="qADZdupZAApqqG1iA7BOd/JktrY="></latexit>

Instead of phonons, the boson could also be e.g., magnon



Eliashberg theory 
<latexit sha1_base64="dTMKywj+frB5XTzjpGegD0ky3LM=">AAACf3icbZHLbtQwFIY94VaGS6ewg43FFMGmo6RCXHYVCIkNUhFMW2kcjRznJLHGN9knRVHIU/E03cKL4JnOAlqOZOnXfy72+Vw4JQOm6cUouXHz1u07O3fH9+4/eLg72Xt0EmzrBcyFVdafFTyAkgbmKFHBmfPAdaHgtFh9WOdPz8EHac037BzkmtdGVlJwjNZy8vmjAoHemgPXWGMNjaOqAzDg647us6+y1nyfMSoNxQZonB 3ACKC2oqF14IU1ZStQnkvs6Hg5maazdBP0usi2Ykq2cbzcGz1hpRWtBoNC8RAWWeow77lHKRQMY9YGcFyseA2LKA3XEPJ+s/dAn0enpJX18RikG/fvjp7rEDpdxErNsQlXc2vzf7lFi9XbvJfGtRi3vbyoahVFS9cQaSl9pKa6KLjwMr6VioZ7LjCiHjMD34XVmpuyZyvAYZHlPVNQ4Y9pxrysG2Sem3qzX4D4Z6bGpmeOe2nKSGLoI4RhTTO7yu66ODmcZa9nr74cTo/eb7nukKfkGXlJMvKGHJFP5JjMiSA/yQX5RX4no+RFMkvSy9JktO15TP6J5N0fhzTEQA==</latexit>

Electron-phonon self-energy ⌃
in the presence of superconductivity

<latexit sha1_base64="nKJAnboZmn6y9fRvGfNbxgt00No="></latexit>

Vector in Matsubara frequencies !n!

<latexit sha1_base64="f+hBpCMFfkN1S2H5nRk0UfxNC1w="></latexit>

Coupled self-consistency equations for �, Z, �

<latexit sha1_base64="CIYABdM4gya74gLs8ZI1x436KIo="></latexit>

Direct Coulomb: non-retarded interaction

See R. Ojajärvi’s doctoral dissertation (Univ. Jyväskylä 2022)

<latexit sha1_base64="vJIb7vsnp1i+62zb2G/WexoJC5I="></latexit>

) competition between attraction (�ph) and repulsion (�C)

<latexit sha1_base64="W7G8C0Sgrbsym40CXXNPXGp0UIA="></latexit>

) solution with the Anderson-Morel pseudopotential



Electron-phonon model 
(Eliashberg)

(Mean field, qualitative ideas partially valid also for other interacting states)
Fermi surface: 

En
er
gy

Momentum

Tc =
~!D

1.45kB
exp


� 1.04(1 + �)

�� µ⇤
c(1 + 0.62�)

�
⇠ ~!D exp(�1/�)

<latexit sha1_base64="wGz/iR+JKe9Ti9J67NOJFkdW00k="></latexit>

Flat band:

En
er
gy

Momentum

� = g⌫(✏f )
<latexit sha1_base64="mEr+G9582loRLsv7RERvDoFE3AE="></latexit>

Eliashberg + Coulomb:

McMillan, PRB (1968)
Allen & Dynes, PRB (1975) 

Ojajärvi, Hyart, Silaev & TTH, PRB 2018

<latexit sha1_base64="DbCk0SmjwkD11CDJzR89oBBqMG4="></latexit>

TC / (�� u⇤)
<latexit sha1_base64="OdQ0sZQfcCO72TVh1FsbsDcomUA="></latexit>

u⇤ =
u

1 + u�h

Other bands!



Other correlated states?

<latexit sha1_base64="TL5viI72Kyd2z/1mDqLLo0M0GDo="></latexit>

If the BCS interaction �� u
1+u�h

< 0, repulsive interactions dominate

<latexit sha1_base64="dZDr0y4XleIhoJXPmCaGXHCHzHY="></latexit>

May depend on doping?

Cao, et al., 2018
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Other states? Doping dependence?
Insulator state between? Magnetic?



We do not yet know the origin of 
superconductivity in the few-layer graphenes

<latexit sha1_base64="xUxMQuwtECK87jLz7R1Koz0mG6g=">AAAChHicbZHPbhMxEMadBUoJf5rCDS4WWaQioWg3UOCEqnKAY0FNWikO0ax3NrFie1f2LBAt+168Cheu8Bg4aQ7QMpKlT9+MxzM/Z5VWnpLkRye6dv3Gzs3dW93bd+7e2+vt3x/7snYSR7LUpTvPwKNWFkekSON55RBMpvEsW75d588+o/OqtKe0qnBqYG5VoSRQsGa9j6fH7zh+rdApg5Y8l2B5hmtLQ+iZc1XwWOjQMYdZI5 zhWBQtF14ZfpjE3OA4FjIvKT6w5mn8aRjPev1kkGyCXxXpVvTZNk5m+52HIi9lvR5AavB+kiYVTRtwpKTGtitqjxXIJcxxEqQFg37abJZv+ZPg5LwoXTiW+Mb9+0YDxvuVyUKlAVr4y7m1+b/cpKbi9bRRtqoJrbx4qKg1p5KvSfJcOZSkV0GAdCrMyuUCHEgKvLvC4hdZGgM2b8QSqZ2k00ZoLOhbPxVOzRckHNj5Zj+P4ePsnBaNqMApmwcSbRMgtN1AM73M7qoYDwfpy8GLD8P+0fGW6y57xB6zA5ayV+yIvWcnbMQk+85+sl/sd7QTPYueR4cXpVFne+cB+yeiN38AcI/DyA==</latexit>

TBG experiments can be explained if �e↵ ⇠ 50 meV·(nm)2

<latexit sha1_base64="HcSmmwl5HA+zIEKyOLGRI6M6W/Q="></latexit>

BUT: those values would require geph > !D

<latexit sha1_base64="Qfch7oWAuhak0KIpR8L91KWrJTY=">AAAClXicbZFbixMxFMfT8bbWW1cfBH0JtkIXpMwUbwjCoiK+uaJtF5rZciZzZiY0yQxJxqWM8wH9CH4KX/XNdLYPuuuBwD//c0nyS1JJYV0Y/ugFly5fuXpt73r/xs1bt+8M9u/ObVkbjjNeytIcJ2BRCo0zJ5zE48ogqETiIlm/3eYXX9FYUeovblNhrCDXIhMcnLdWA76on9AULP0MRgEdW/TVIOlpadb24BUdMemHpbBqmF EUq6I96VQCBlvKrFA0ehaytHSWTsNwRHHue7jfj+hYq4PRyXS0GgzDSdgFvSiinRiSXRyt9nsP/EReK9SOS7B2GYWVixswTnCJbZ/VFivga8hx6aUGhTZuOhotfeydlGal8Us72rl/dzSgrN2oxFcqcIU9n9ua/8sta5e9jBuhq9qh5mcHZbWkrqRbtDQVBrmTGy+AG+HvSnkBBrjzH9BnGk95qRTotGFrdO0yihsmMXPfhhEzIi8cM6Dz7n0W/U/q3BUNq8AInXoSbeMhtH1PMzrP7qKYTyfR88nTT9Ph4Zsd1z3ykDwiYxKRF+SQfCBHZEY4+U5+kl/kd3A/eB28C96flQa9Xc898k8EH/8Af+vJOQ==</latexit>

Wu, das Sarma (several works): �bare
eph ⇠ 150 . . . 200 eV · (nm)2

There is still uncertainty of the mechanism - some authors claim it must be an 
interaction driven by higher order theory from direct Coulomb interactions

Indications: nematic superconductivity, spin triplet superconductivity



Comparison to experiments
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Angle (in �)
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Caveats: see discussion in Teemu Peltonen’s thesis, https://jyx.jyu.fi/handle/123456789/71509 

Data from Saito, et al., Nat Phys. (2020)
(A. Young’s group), angles shifted by 0.07�,
TBKT = 0.7Tc
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Data from Cao, et al., arXiv:2004.04148

(Jarillo-Herrero group), angles shifted by

0.03
�
, TBKT = 0.7Tc
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3 eV a2
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2 eV a2
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1 eV a2
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Experiments

Angle (in �)
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Wu, MacDonald, Martin, PRL 2018: � < 2.7 eV a2
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� Best fits with � ⇠ 2 eVa2
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) �max ⇠ 2 meV
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Mean-field Tmf
c ⇠ 6 K
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Electron-phonon mechanism with
roughly similar � seems to be consis-
tent with

• trilayer ABC graphene Tc (Chou,
et al. PRL 2021)

• Bernal bilayer Tc (Chou, et al.,
arXiv:2110.12303)

(those are not in the flat-band regime)



TBG superconductivity from 
flat-band perspective?

N ⇠ 104 at ✓ ⇠ 1.1�

<latexit sha1_base64="8/0PPoA8TrXqWRi9LJIPT7dyIw4="></latexit>

• Flat-band superconductivity: �FB ⇠ g⌦FB

8⇡ & �Eband

• TBG: ⌦FB = ⌦superlattice
BZ ⇠ 1

a2N ) TBKT, Tmf
c ⇠ few K

• To increase them, look for systems with a larger ⌦BZ!

• Example: TBG with pressure ) larger ✓magic ) larger Tc (?)

• Some possibilities: strain superlattice (also ⌦FB ⇠ ⌦BZ) or topological
flat bands

<latexit sha1_base64="JU+EXAhJJSSBfPKg59x89dw4vus="></latexit>

Yankowitz, et al. Science 2019



Coherence length

Kopnin & TTH, arXiv:1210.7075

<latexit sha1_base64="Mzfd9OxUAkaEcatn/dTHAchgTYY="></latexit>

• BCS: ⇠0 =
�

~vF .

• Flat band: vF ! 0! However, replace ⇠0 ⇠ k�1
FB ⇠ ⌦

�1/d
FB



arXiv:2112.09270
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⌦FB ⇠ 1/L2
m

Consistent with flat-band superconductivity!Magic angle increases
 with increasing # of layers



Is superconductivity in graphene-based 
systems unconventional?

<latexit sha1_base64="pVqn7GO+qFv3SBU0ZaPqdSLVw4A="></latexit>

Pauli limit: hc ⇠ �
(Fermi systems: hc = �/

p
2)
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Anisotropic magnetoresistance
(Breaks C(6) symmetry)



Pairing symmetry
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All graphene models: pairs of flat bands around valleys K/K 0

<latexit sha1_base64="NT76GOQFV0LjBm1mmXVoMt0Ybt0="></latexit>

) degeneracy between valley-odd and valley-even�!
) valley odd consistent with even-spin (spin triplet)
pairing!

See discussion: Chou, Wu, Sau, Das Sarma, PRL 2021

f-wave superconductivity!

May explain the recently observed large in-
plane critical fields (beyond Pauli limit)



Conclusions

<latexit sha1_base64="xV6wazz/QvmDhJarn7dhDUEwOrU="></latexit>

• Increasing ⌫F : instabilities to interaction-driven correlated states more
likely, e.g., superconductivity

• Ultimate limit: flat-band superconductivity � & �E ) Tc ⇠ � ⇡ �FB =
g⌦FB

• Independent of pairing mechanism, but may be used to explain graphene-
based superconducting states using electron-phonon mediated interaction

• Valley degeneracy ) possibility for spin triplet pairing and breakdown of
the Clogston limit

• Increasing Tc: look for systems with larger ⌦FB.

For example: topological insulator with surface polarisation:
J. Nissinen, TTH and G.E. Volovik, PRB 103, 245115 (2021)


