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GaAs quantum well

Monolayer and Bilayer
Graphenes

ZnO-based system

These are the major quasi two-dimensional electron
systems where fractional quantum Hall effect is realized.

Experimental Systems



Fractional Quantum Hall Effect

Filling factor is noninteger, specifically, ν =
Ne
Nϕ

< 1
𝑁Φ =

𝐵𝐿𝑥𝐿𝑦
ℎ𝑐
𝑒

Quantum Hall Effect was unexpected because all electrons have same kinetic energy 
and there is no energy gap.

𝜈 =
𝑛

2𝑛 ± 1
𝑅𝐻 =

ℎ

𝑒2𝜈

What does produce the bulk-gap then?

𝑇ℎ𝑒 𝐶𝑜𝑢𝑙𝑜𝑚𝑏 𝑖𝑛𝑡𝑒𝑟𝑎𝑐𝑡𝑖𝑜𝑛 𝑖𝑠 𝑛𝑜𝑤 𝒏𝒐𝒏𝒑𝒆𝒓𝒕𝒖𝒓𝒃𝒂𝒕𝒊𝒗𝒆,
as the kinetic energy of the electrons is quenched. 

𝐼𝑛𝑓𝑎𝑐𝑡, 𝐶𝑜𝑢𝑙𝑜𝑚𝑏 𝑖𝑛𝑡𝑒𝑟𝑐𝑎𝑡𝑖𝑜𝑛 𝑖𝑠 𝑡ℎ𝑒 𝒐𝒏𝒍𝒚 𝑒𝑛𝑒𝑟𝑔𝑦
(𝑖𝑓 𝑤𝑒 𝑖𝑔𝑛𝑜𝑟𝑒 𝑠𝑝𝑖𝑛 𝑎𝑠 the magnetic field is very high).

Willett et al, PRL, 1987

It is the Coulomb interaction that breaks the 
degeneracy. 



Laughlin’s Theory

𝐻𝑎𝑚𝑖𝑙𝑡𝑜𝑛𝑖𝑎𝑛: 𝐻 = 𝑃𝐿𝐿𝐿 ෍

𝑖<𝑗

𝑁
𝑒2

| Ԧ𝑟𝑖 − Ԧ𝑟𝑗|
(Nonperturbative)

Physics is independent of the choice of gauge

𝑆𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐 𝑔𝑎𝑢𝑔𝑒: Ԧ𝐴 =
𝐵

2
−𝑦, 𝑥, 0

𝐻0 =
𝑃 +

𝑒
𝑐

Ԧ𝐴
2

2𝑚𝑏
, ∇ × Ԧ𝐴 = 𝐵 Ƹ𝑧

𝐻0 =
ℏ𝜔𝑐
2

−4
𝜕

𝜕𝑧

𝜕

𝜕𝑧∗
+

𝑧 2

4
− 𝑧

𝜕

𝜕𝑧
+ 𝑧∗

𝜕

𝜕𝑧∗

𝑧 =
(𝑥 − 𝑖𝑦)

ℓ
, ℓ−2 =

𝑒𝐵

ℏ𝑐

𝜙0,𝑚 𝑧, 𝑧∗ = 𝑧, 𝑧∗|0,𝑚 =
1

2𝜋2𝑚𝑚!
𝑧𝑚 exp −

𝑧 2

4

𝐻0 𝑛, 𝑙 = 𝜖𝑛 𝑛, 𝑙 , 𝜖𝑛 = 𝑛 +
1

2
ℏ𝜔𝑐 , 𝐿𝑧 𝑛, 𝑙 = ℏ 𝑙 − 𝑛 |𝑛. 𝑙⟩

Wave functions for the lowest Landau level



𝜙0,𝑚 𝑧, 𝑧∗
2
= 𝑃 𝑟 ∼ 𝑟2𝑚 exp −

𝑟2

2
𝜕𝑃(𝑟)

𝜕𝑥
=0 ⇒ 𝑟𝑚 = 2𝑚 ℓ

.
...

Area of an annulus: π rm+1
2 − rm

2 = π 2 m+ 1 − 2m ℓ2 = 2πℓ2

𝑇𝑜𝑡𝑎𝑙 𝐴𝑟𝑒𝑎 = 𝑁𝑎 2𝜋ℓ
2 ⇒ 𝐹𝑙𝑢𝑥,Φ = 𝐵2𝜋𝑁𝑎ℓ

2 =
𝑁𝑎 ℎ𝑐

𝑒
= 𝑁𝑎Φ0

Flux per annulus is Φ0 ⇒ each orbital is
associated with one flux quantum.

Single-particle orbitals correspond to analytic functions, f(z).

𝑫𝒆𝒈𝒆𝒏𝒆𝒓𝒂𝒄𝒚 𝒇𝒐𝒓 𝒕𝒉𝒆 𝒍𝒐𝒘𝒆𝒔𝒕 𝑳𝑳:𝑵𝚽, 𝒂𝒏𝒅 𝒑𝒆𝒓 𝒖𝒏𝒊𝒕 𝒂𝒓𝒆𝒂: 𝟏/𝟐𝝅ℓ
𝟐.



𝑾𝒂𝒗𝒆 𝑭𝒖𝒏𝒄𝒕𝒊𝒐𝒏 𝒇𝒐𝒓 𝒇𝒊𝒍𝒍𝒊𝒈 𝒇𝒂𝒄𝒕𝒐𝒓 𝝂 = 𝟏: 𝐹𝑖𝑙𝑙𝑖𝑛𝑔 𝐹𝑎𝑐𝑡𝑜𝑟 𝜈 =
𝑁

𝑁Φ
= 2𝜋𝑛𝑒ℓ

2

𝑁𝑜𝑛𝑖𝑛𝑡𝑒𝑟𝑎𝑐𝑡𝑖𝑛𝑔 𝑝𝑟𝑜𝑏𝑙𝑒𝑚, 𝑜𝑟, 𝑡ℎ𝑒 𝑖𝑛𝑡𝑒𝑟𝑎𝑐𝑡𝑖𝑜𝑛 𝑖𝑠 𝑢𝑛𝑖𝑚𝑝𝑜𝑟𝑡𝑎𝑛𝑡.

Ψ𝜈=1 =
1 ⋯ 1
⋮ ⋱ ⋮
𝑧1
𝑁 ⋯ 𝑧𝑁

𝑁
exp −

σ𝑖=1
𝑁 𝑧𝑖

2

4
= ෑ

𝑖<𝑗=1

𝑁

𝑧𝑖 − 𝑧𝑗 exp −
σ𝑖=1
𝑁 𝑧𝑖

2

4

(Lowest Landau Level)

𝐅𝐫𝐚𝐜𝐭𝐢𝐨𝐧𝐚𝐥 𝐅𝐢𝐥𝐥𝐢𝐧𝐠 𝐟𝐚𝐜𝐭𝐨𝐫 𝝂 =
𝟏

𝟑
:

𝑆𝑎𝑦,𝑁Φ = 9,𝑁 = 3

Ψ
𝜈=

1
3
= ෍

𝜆

𝐶𝜆 3 × 3 𝜆,

𝐶𝜆 𝑚𝑎𝑦 𝑏𝑒 𝑜𝑏𝑡𝑎𝑖𝑛𝑒𝑑 𝑏𝑦 𝑡ℎ𝑒 𝑚𝑒𝑡ℎ𝑜𝑑 𝑜𝑓 𝑒𝑥𝑎𝑐𝑡 𝑑𝑖𝑎𝑔𝑜𝑛𝑎𝑙𝑖𝑧𝑎𝑡𝑖𝑜𝑛 𝑓𝑜𝑟 𝑎 𝑓𝑒𝑤 𝑒𝑙𝑒𝑐𝑡𝑟𝑜𝑛𝑠, 𝑁 < 20.

However, this is not sufficient for complete understanding!

𝐴𝑙𝑠𝑜, 𝑠𝑜𝑚𝑒𝑡𝑖𝑚𝑒𝑠 𝑒𝑥𝑎𝑐𝑡 𝑟𝑒𝑠𝑢𝑙𝑡 𝑐𝑎𝑛𝑛𝑜𝑡 𝑏𝑒 𝑢𝑛𝑑𝑒𝑟𝑠𝑡𝑜𝑜𝑑 𝑝ℎ𝑦𝑠𝑖𝑐𝑎𝑙𝑙𝑦.

𝜆 ∈
9!

3! 6!
Ground state:

𝐷𝑒𝑔𝑒𝑛𝑒𝑟𝑎𝑐𝑦 𝑖𝑠 𝑏𝑟𝑜𝑘𝑒𝑛 𝑑𝑢𝑒 𝑡𝑜 𝑡ℎ𝑒 𝐶𝑜𝑢𝑙𝑜𝑚𝑏 𝑖𝑛𝑡𝑒𝑟𝑎𝑐𝑡𝑖𝑜𝑛.



Laughlin’s Theory for FQHE

1) 𝑀𝑎𝑛𝑦𝑏𝑜𝑑𝑦 𝑤𝑎𝑣𝑒 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑐𝑜𝑛𝑠𝑖𝑠𝑡𝑠 𝑜𝑓 𝑜𝑐𝑐𝑢𝑝𝑦𝑖𝑛𝑔 𝑠𝑖𝑛𝑔𝑙𝑒 − 𝑝𝑎𝑟𝑡𝑖𝑐𝑙𝑒 𝑜𝑟𝑏𝑖𝑡𝑎𝑙𝑠.

Ψ = 𝑓 𝑧𝑖 exp −
σ𝑖=1
𝑁 𝑧𝑖

2

4
Ψ = 𝑓( 𝑧𝑖 )

2) 𝑓 𝑧𝑖 𝑠ℎ𝑜𝑢𝑙𝑑 ℎ𝑎𝑣𝑒 𝐽𝑎𝑠𝑡𝑟𝑜𝑤 𝑓𝑜𝑟𝑚: 𝑓(𝑧𝑖 − 𝑧𝑗)

3) 𝑊𝑎𝑣𝑒𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑠ℎ𝑜𝑢𝑙𝑑 𝑏𝑒 𝑎𝑛𝑡𝑖𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐 𝑓𝑜𝑟 𝑡ℎ𝑒 𝑒𝑥𝑐ℎ𝑎𝑛𝑔𝑒 𝑜𝑓 𝑝𝑎𝑟𝑡𝑖𝑐𝑙𝑒𝑠.

𝑓 𝑧𝑖 − 𝑧𝑗 = ෍

𝛼=1,3,…

ෑ

𝑖<𝑗

𝑁

𝑧𝑖 − 𝑧𝑗
𝛼

4) 𝑊𝑎𝑣𝑒𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑠ℎ𝑜𝑢𝑙𝑑 𝑏𝑒 𝑒𝑖𝑔𝑒𝑛𝑠𝑡𝑎𝑡𝑒 𝑜𝑓 𝑡𝑜𝑡𝑎𝑙 𝑎𝑛𝑔𝑢𝑙𝑎𝑟 𝑚𝑜𝑚𝑒𝑛𝑡𝑢𝑚
𝑎𝑠 𝑡ℎ𝑒 𝐻𝑎𝑚𝑖𝑙𝑡𝑜𝑛𝑖𝑎𝑛 𝑖𝑠 𝑟𝑜𝑡𝑎𝑡𝑖𝑜𝑛𝑎𝑙𝑙𝑦 𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐.

𝑀 = ෍

𝑖=1

𝑁

𝑧𝑖
𝜕

𝜕𝑧𝑖
− 𝑧𝑖

∗ 𝜕

𝜕𝑧𝑖
∗ ⇒ 𝛼 𝑠ℎ𝑜𝑢𝑙𝑑 𝑏𝑒 𝑎𝑛𝑦 𝑜𝑛𝑒 𝑜𝑑𝑑 𝑖𝑛𝑡𝑒𝑔𝑒𝑟.

Ψ𝐿 = ෑ

𝑖<𝑗

𝑁

𝑧𝑖 − 𝑧𝑗
𝑚
, 𝑚 𝑜𝑑𝑑 − 𝑖𝑛𝑡𝑒𝑔𝑒𝑟



Laughlin’s Theory for FQHE

A 𝐆𝐫𝐨𝐮𝐧𝐝𝐬𝐭𝐚𝐭𝐞 wavefunction for FQHE state: Ψ𝐿 = ෑ

𝑖<𝑗

𝑁

𝑧𝑖 − 𝑧𝑗
𝑚
,

𝑊ℎ𝑖𝑐ℎ 𝑓𝑖𝑙𝑙𝑖𝑛𝑔 𝑓𝑎𝑐𝑡𝑜𝑟 𝜈 𝑖𝑠 𝑟𝑒𝑝𝑟𝑒𝑠𝑒𝑛𝑡𝑒𝑑 𝑏𝑦 Ψ𝐿?

𝑀𝑎𝑥𝑖𝑚𝑢𝑚 𝑒𝑥𝑝𝑜𝑛𝑒𝑛𝑡 𝑜𝑓 𝑎𝑛𝑦 𝑧𝑖 ∶ 𝑚 𝑁 − 1 ⇒ 𝑁Φ = 𝑚(𝑁 − 1)

𝑇ℎ𝑒 𝑓𝑖𝑙𝑙𝑖𝑛𝑔 𝑓𝑎𝑐𝑡𝑜𝑟 𝜈 = lim
𝑁→∞

𝑁

𝑁Φ
= lim

𝑁→∞

𝑁

𝑚(𝑁 − 1)
=

1

𝑚

Quasiholes and Quasiparticles (Collective Excitations):

1) 𝐴 𝒒𝒖𝒂𝒔𝒊𝒉𝒐𝒍𝒆 𝑚𝑎𝑦 𝑏𝑒 𝑐𝑟𝑒𝑎𝑡𝑒𝑑 𝑏𝑦 𝒊𝒏𝒄𝒓𝒆𝒂𝒔𝒊𝒏𝒈 𝑜𝑛𝑒 𝑢𝑛𝑖𝑡 𝑜𝑓 𝑓𝑙𝑢𝑥, 𝑖. 𝑒. , Φ0 =hc/e .

2) 𝐴 𝒒𝒖𝒂𝒔𝒊𝒑𝒂𝒓𝒕𝒊𝒄𝒍𝒆 𝑚𝑎𝑦 𝑏𝑒 𝑐𝑟𝑒𝑎𝑡𝑒𝑑 𝑏𝑦 𝒅𝒆𝒄𝒓𝒆𝒂𝒔𝒊𝒏𝒈 𝑜𝑛𝑒 𝑢𝑛𝑖𝑡 𝑜𝑓 𝑓𝑙𝑢𝑥.



r

Adiabatic Insertion of one unit of Flux

𝜈 = 1/𝑚

ර𝐸 ⋅ 𝑑𝑙 = −
𝜕Φ

𝜕𝑡
⇒ 𝐸𝜙 2𝜋𝑟 = −

𝜕Φ

𝜕𝑡
𝑗𝑟 = 𝜎𝐻 𝐸𝜙, 𝜎𝐻=

1

𝑚

𝑒2

ℎ

Charge displaced from the center:
𝑄 = 2𝜋𝑟 ׬ 𝑗𝑟 𝑑𝑡 = −𝜎𝐻Φ0 = -e/m

Laughlin’s Quasihole Wavefunction:

Ψ𝐿
𝑞ℎ

= ෑ

𝑖=1

𝑁

𝑧𝑖 − 𝜂 Ψ𝐿

1
𝑚 =ෑ

𝑖=1

𝑁

𝑧𝑖 − 𝜂 ෑ

𝑖<𝑗

𝑁

𝑧𝑖 − 𝑧𝑗
𝑚

Charge-Vortex duality:  One vortex is 
associated with e/m charge.

𝐸𝜙

𝑗𝑟

𝐴𝑙𝑙 𝑒𝑙𝑒𝑐𝑡𝑟𝑜𝑛𝑠 𝑠𝑒𝑒 𝑎 𝑧𝑒𝑟𝑜 𝑎𝑡 𝑡ℎ𝑒 𝑐𝑜𝑚𝑝𝑙𝑒𝑥 𝑝𝑜𝑖𝑛𝑡 𝜂 = 𝑅𝑒−𝑖𝜃.

How does this wave function describe quasihole charge of e/m?



𝑄𝑢𝑎𝑠𝑖ℎ𝑜𝑙𝑒 𝑐ℎ𝑎𝑟𝑔𝑒 = 𝑒/𝑚 𝑄𝑢𝑎𝑠𝑖𝑝𝑎𝑟𝑡𝑖𝑐𝑙𝑒 𝑐ℎ𝑎𝑟𝑔𝑒 = −𝑒/𝑚

Consider a loop of radius R on which η changes from θ = 0 to θ = 2π adiabatically.
𝜃
𝑅

Acquired Berry Phase: 𝛾 = 𝑖 ර𝑑𝜃 Ψ𝑞ℎ
𝐿 𝜕

𝜕𝜃
Ψ𝑞ℎ
𝐿 = 2𝜋𝑁𝑒𝑛𝑐𝑙

𝐴ℎ𝑟𝑜𝑛𝑜𝑣 − 𝐵𝑜ℎ𝑚 𝑝ℎ𝑎𝑒 𝑓𝑜𝑟 𝑎 𝑝𝑎𝑟𝑡𝑖𝑐𝑙𝑒 𝑜𝑓 𝑐ℎ𝑎𝑟𝑔𝑒 𝑒∗ 𝑖𝑛 𝑚𝑎𝑔𝑛𝑒𝑡𝑖𝑐 𝑓𝑖𝑒𝑙𝑑 𝐵:

𝜙 = 𝐵𝐴
𝑒∗

ℏ𝑐
= 2𝜋

𝑒∗

𝑒
𝑁Φ = 2𝜋

𝑒∗

𝑒
𝑁𝑒𝑛𝑐𝑙 𝑚

𝐸𝑞𝑢𝑎𝑡𝑖𝑛𝑔 𝑡ℎ𝑒𝑠𝑒 𝑡𝑤𝑜, 𝑒∗ =
𝑒

𝑚

Ψ𝐿
𝑞ℎ

= ෑ

𝑖=1

𝑁

𝑧𝑖 − 𝜂 Ψ𝐿

1
𝑚 =ෑ

𝑖=1

𝑁

𝑧𝑖 − 𝜂 ෑ

𝑖<𝑗

𝑁

𝑧𝑖 − 𝑧𝑗
𝑚

Ψ𝐿
𝑞𝑝

=ෑ

𝑖=1

𝑁

(2
𝜕

𝜕𝑧𝑖
− 𝜂∗) ෑ

𝑖<𝑗

𝑁

𝑧𝑖 − 𝑧𝑗
𝑚

These quasiparticles and quasiholes obey Abelian fractional statistics: 𝜋/𝑚



Experimental Realization of Fractional Charge

Shot-noise Experiment

Saminadayar et al, PRL, 1997



Fabry-Perot Interferometer

Realization of Abelian Fractional statistics  for 1/3 state.

Rosenow, Levkivskyi, Halperin, 2020

Measurement of current 
correlations resulting the scattering 
of anyons in beam-splitter.

Science, 2020

Direct observation of anyonic braiding statistics

Namura, Liang, Gardner and Manfra, Nat. 
Phys. 931 (2020)



Laughlin’s Theory for FQHE is very much successful, yet it has limitations:

It cannot describe other fractional states such as 2/5, 3/7,…  by any simple generalization. 

Composite-Fermion Theory by Jain:

𝐻𝑎𝑚𝑖𝑙𝑡𝑜𝑛𝑖𝑎𝑛: 𝐻 = ෍

𝑗=1

𝑁
𝑃𝑗 +

𝑒
𝑐

Ԧ𝐴𝑗
2

2𝑚𝑏
+෍

𝑖<𝑗

𝑁
𝑒2

𝜖 Ԧ𝑟𝑖 − Ԧ𝑟𝑗
𝐻 Ψ Ԧ𝑟1, ⋯ , Ԧ𝑟𝑁 = 𝐸Ψ Ԧ𝑟1, ⋯ , Ԧ𝑟𝑁

Gauge Transformation:

𝐻′ Ψ𝐶𝑆= 𝐸 Ψ𝐶𝑆

Ψ = ෑ

𝑗<𝑘

𝑁
𝑧𝑗 − 𝑧𝑘

𝑧𝑗 − 𝑧𝑘

2

Ψ𝐶𝑆 = exp 2𝑖෍

𝑘≠𝑗

ln
𝑧𝑗 − 𝑧𝑘

|𝑧𝑗 − 𝑧𝑘|
Ψ𝐶𝑆

𝐻′ = ෍

𝑗=1

𝑁
𝑃𝑗 +

𝑒
𝑐

Ԧ𝐴𝑗 −
𝑒
𝑐

Ԧ𝑎𝑗
2

2𝑚𝑏
+෍

𝑖<𝑗

𝑁
𝑒2

𝜖 Ԧ𝑟𝑖 − Ԧ𝑟𝑘
Ԧ𝑎𝑗 = 2𝑖

Φ0

2𝜋
෍

𝑘≠𝑗

∇𝑗 ln
𝑧𝑗 − 𝑧𝑘

|𝑧𝑗 − 𝑧𝑘|

𝑆𝑖𝑛𝑔𝑢𝑙𝑎𝑟 𝐹𝑙𝑢𝑥 𝑡𝑢𝑏𝑒: 𝑏𝑗 = ∇𝑗 × Ԧ𝑎𝑗 = 2 Φ0 ෍

𝑘≠𝑗

𝛿 2 Ԧ𝑟𝑗 − Ԧ𝑟𝑘

𝐸𝑥𝑡𝑟𝑎 𝑃ℎ𝑎𝑠𝑒: 2𝜋 𝑷𝒂𝒓𝒕𝒊𝒄𝒍𝒆𝒔 𝒂𝒓𝒆 𝒔𝒕𝒊𝒍𝒍 𝑭𝒆𝒓𝒎𝒊𝒐𝒏,
called composite Fermion.

Halperin, Lee, Read, 
PRB, 1993

Jain, PRL, 1989



Mean field (if the electron density is large): 𝑏 = 2Φ0𝑛𝑒

𝐸𝑓𝑓𝑒𝑐𝑡𝑖𝑣𝑒 𝑚𝑎𝑔𝑛𝑒𝑡𝑖𝑐 𝑓𝑖𝑒𝑙𝑑: 𝐵∗ = 𝐵 − 2Φ0𝑛𝑒
𝐹𝑖𝑙𝑙𝑖𝑛𝑔 𝑓𝑎𝑐𝑡𝑜𝑟 , 𝜈 =

𝑛𝑒Φ0

𝐵
(fraction of a LL filled)

𝑛𝑒Φ0

𝜈∗
=

𝑛𝑒Φ0

𝜈
− 2Φ0𝑛𝑒 ⇒ 𝜈 =

𝜈∗

2𝜈∗+1
,  (𝜈∗ 𝑐𝑎𝑛 𝑏𝑒 𝑏𝑜𝑡ℎ + 𝑣𝑒 𝑎𝑛𝑑 − 𝑣𝑒)

𝐼𝑓 𝜈∗ = ±𝑛, 𝜈 =
𝑛

2𝑛 ± 1
(IQHE of Composite Fermions ⇒ 𝐹𝑄𝐻𝐸 𝑜𝑓 𝑒𝑙𝑒𝑐𝑡𝑟𝑜𝑛𝑠)

𝑊𝑎𝑣𝑒𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛: Ψ𝜈 = ෑ

𝑗<𝑘

𝑧𝑗 − 𝑧𝑘

𝑧𝑗 − 𝑧𝑘

2

𝜒±𝑛 𝑧𝑖 , 𝑧𝑖
∗

This wavefunction is, however,  not correct for two different reasons:

1) Phase term will not be important for electron density distribution.
2) Wavefunction in the lowest Landau level must be analytic.

𝑀𝑜𝑑𝑖𝑓𝑖𝑐𝑎𝑡𝑖𝑜𝑛: Ψ𝜈 = 𝑃𝐿𝐿𝐿 ෑ

𝑗<𝑘

𝑧𝑗 − 𝑧𝑘
2
𝜒±𝑛 𝑧𝑖 , 𝑧𝑖

∗ (Vortices are not singular flux tubes,
they have got some finite size)

This is the composite fermion wavefunction proposed by Jain for FQHE states in the LLL

(After projection, this wavefunction becomes formally complicated)

Jain, PRL, 1989



𝜈 =
𝑛

2𝑛 ± 1
1/3,2/5,3/7,…. 2/3,3/5,4/7,…..

𝐵𝑢𝑙𝑘 𝑔𝑎𝑝: 𝜔𝑐
∗ =

𝑒𝐵∗

𝑚𝑏𝑐
∝ 1/|n| 

Edge Modes:
1) 𝐼𝑓 𝑛 > 0, 𝑡ℎ𝑒𝑟𝑒 𝑎𝑟𝑒 𝑛 𝑒𝑑𝑔𝑒 𝑚𝑜𝑑𝑒𝑠 𝑒𝑎𝑐ℎ

𝑐𝑎𝑟𝑦𝑖𝑛𝑔 𝑞𝑢𝑎𝑠𝑖𝑝𝑎𝑟𝑡𝑖𝑐𝑙𝑒𝑠 𝑜𝑓 𝑐ℎ𝑎𝑟𝑔𝑒
𝑒

2𝑛+1
, 

all along downstream.

2) 𝐼𝑓 𝑛 < 0, 𝑜𝑛𝑒 𝒅𝒐𝒘𝒏𝒔𝒕𝒓𝒆𝒂𝒎𝑚𝑜𝑑𝑒 𝑐𝑎𝑟𝑦𝑖𝑛𝑔 𝑐ℎ𝑎𝑟𝑔𝑒 𝑒
𝑎𝑛𝑑 𝑛 − 1 𝒖𝒑𝒔𝒕𝒓𝒆𝒂𝒎𝑚𝑜𝑑𝑒𝑠 𝑒𝑎𝑐ℎ carrying charge e/(2n-1).



Connection between Laughlin and Composite Fermion Theories

Mandal, JPCM, 2018𝑂𝐿 =ෑ

𝑗

𝜕

𝜕𝑧𝑗
→ 𝑂𝑞𝑝 =෍

𝑗

(
𝜕

𝜕𝑧𝑗
ෑ

𝑙≠𝑗

𝜕

𝜕(𝑧𝑙 − 𝑧𝑗)
)

𝑈𝑖,𝑗 = 𝑧𝑖 − 𝑧𝑗



Possibility of non-Abelian FQHE in the lowest Landau level

Exact ground-state of certain kind of three-body potential.

Jain, PRL, 1989;  
SSM, JPCM, 2018

𝑈𝑖,𝑗 = 𝑧𝑖 − 𝑧𝑗

Simon et al, PRB, 2007

Das, Das, SSM, PRB(Letter), 2022



The Hybrid wavefunction behaves quite same as way as the 
composite fermion wavefunction.

However, while the nature of quasiparticles in the composite fermion theory is Abelian, 
the quasiparticle nature corresponding to the hybrid wavefunction is non-Abelian.

Two-body Coulomb interaction along with a suitable 3-body interaction may provide 
the FQHE state as non-Abelian for 2/5 state in the lowest Landau level.



Filling Factor 1/2

𝜈 =
𝑛

2𝑛 ± 1
⇒ 𝜈 =

1

2
𝑎𝑠 𝑛 → ∞ 𝐵𝑢𝑙𝑘 𝑔𝑎𝑝 ∝

1

𝑛
= 0 𝐵∗ = 0

𝐴𝑡
1

2
𝑓𝑖𝑙𝑙𝑖𝑛𝑔, 𝑡ℎ𝑒 𝑐𝑜𝑚𝑝𝑜𝑠𝑖𝑡𝑒 𝑓𝑒𝑟𝑚𝑖𝑜𝑛𝑠 𝑓𝑒𝑒𝑙 𝑧𝑒𝑟𝑜 𝑛𝑒𝑡 𝑚𝑎𝑔𝑛𝑒𝑡𝑖𝑐 𝑓𝑖𝑒𝑙𝑑.

Therefore, weakly interacting CFs at zero net magnetic field should also form Fermi surface.

Near
1

2
filling, cyclotron orbit of particles should be determined by 𝐵∗.

This fact is experimentally observed by elegantly designed experimental setups!

Filling factor ½  is not a quantized fractional quantum Hall state.



Fractional Quantum Hall States in the Second Landau Level

Filling factor ½ is one of the most prominent states!!

States are not in the sequence of the lowest Landau level!
Willett et al, PRL, 1987

Kumar et al, PRL, 2010

(Monolayer GaAs)



Early Theoretical  Understanding of ½ Filled Second LL

𝑬𝒍𝒆𝒄𝒕𝒓𝒐𝒏 𝑶𝒑𝒆𝒓𝒂𝒕𝒐𝒓: 𝜓𝑒 𝑧 = 𝑒𝑖 2 𝜙 𝑧 𝜓(𝑧)

Charged Bosonic operator

𝑾𝒂𝒗𝒆 𝑭𝒖𝒏𝒄𝒕𝒊𝒐𝒏: ΨMR 𝑧1, ⋯ , 𝑧𝑁 = 𝜓 𝑧1 ⋯𝜓 𝑧𝑁 ⟨ෑ

𝑖

𝑒𝑖 2𝜙 𝑧𝑖 𝑒−𝑖 2𝜌0׬ 𝑑𝑟
′𝜙 𝑧′ ⟩

= 𝑃𝑓
1

𝑧𝑖 − 𝑧𝑗
ෑ

𝑖<𝑗

𝑁

𝑧𝑖 − 𝑧𝑗
2
exp(−෍

𝑖

𝑧𝑖
2/4)

Composite fermion

Pairing causes Bulk-gap and bulk-edge correspondence provides 
a neutral Majorana mode along with bosonic charge mode.  

𝑧 =
𝑥 − 𝑖𝑦

ℓ

Quasiparticle Charge: e/4, instead of e/2

𝑵𝒐𝒏𝑨𝒃𝒆𝒍𝒊𝒂𝒏 𝒃𝒓𝒂𝒊𝒅𝒊𝒏𝒈 𝒔𝒕𝒂𝒕𝒊𝒔𝒕𝒊𝒄𝒔 𝒐𝒇 𝒒𝒖𝒂𝒔𝒊𝒑𝒂𝒓𝒕𝒊𝒄𝒍𝒆𝒔. Fusion: 𝚽𝒊 ×𝚽𝒋 = σ𝒌𝑵𝒊𝒋
𝒌𝚽𝒌

Moore and Read,  NPhB, 1991

Pfaffian Order:



Experimental Observations of Fractional Charge of Quasiparticles

Dolev et al,  2008

However, there are several other topological 
orders, including Abelian, also predict e* = e/4
charge.

So, e/4 charge is not conclusive for Pfaffian order.



Theoretical Debate for 5/2 state

Fractional charge e/4 has been predicted for several other models including Abelian theory for 5/2 state.

Particle-Hole conjugate of MR Pfaffian state, called Anti-Pfaffian, is degenerate with it for Coulomb potential.

Landau-Level-Mixing induced 3-body interaction can lift this degeneracy. 
APf is topologically distinct from Pf: The former provides upstream Majorana mode.

Very hard to predict the clear picture as their energies are very close.

Another competing state: Particle-Hole symmetric Pfaffian (PHPf) predicting Majorana mode.

These competing states can be distinguished in the measurement of thermal Hall conductance through edge.

Pf APf PHPf

1
1/2

C=7/2
C=3/2 C=5/2

𝜅𝐻 = 𝐶
𝜋2𝑘𝐵

2𝑇

3ℎ
𝐶 = 𝐶𝑑 − 𝐶𝑢

Lee et al, PRL,2007
Levin et al, PRL,2007

Son, PRX,2015
Zucker and Feldman,PRL, 2016

𝐶 𝑖𝑠 𝑡ℎ𝑒 𝑛𝑒𝑡 𝑐𝑒𝑛𝑡𝑟𝑎𝑙 𝑐ℎ𝑎𝑟𝑔𝑒 𝑜𝑓 𝑡ℎ𝑒 𝑔𝑟𝑜𝑢𝑛𝑑 𝑠𝑡𝑎𝑡𝑒.



Measurement of Thermal Hall Conductivity

In contrast to the numerical verdict, measurement suggests PHPf topological order!!

Banerjee et al, Nature, 2018
𝜅0 =

𝜋2𝑘𝐵
2 𝑇

3ℎ



Shot-Noise Experiment

PHPf order is recommended!

Dutta et al, Science, 2022



No clear understanding of experimental results.

Numerical studies are generally for relatively low values of 
Landau-level-mixing (LLM) parameter: 𝜅 < 1, while experimental 
systems typically have 𝜅 = 0.8 − 1.8.

𝜅 =
ൗ𝑒2
𝜖ℓ0

ℏ𝜔𝑐

𝑉𝑚
2

⇒ 𝐶𝑜𝑢𝑙𝑜𝑚𝑏 𝑝𝑠𝑒𝑢𝑑𝑜𝑝𝑜𝑡𝑒𝑛𝑡𝑖𝑎𝑙𝑠 𝑖𝑛 𝑡ℎ𝑒 𝑠𝑒𝑐𝑜𝑛𝑑 𝐿𝐿.

𝛿𝑉𝑚
2

⇒ 𝑡𝑤𝑜 𝑏𝑜𝑑𝑦 𝑝𝑠𝑒𝑢𝑑𝑜𝑝𝑜𝑡𝑒𝑛𝑡𝑖𝑎𝑙𝑠 𝑎𝑟𝑖𝑠𝑖𝑛𝑔 𝑑𝑢𝑒 𝑡𝑜 𝐿𝐿𝑀.

𝛿𝑉𝑚
3

⇒ 𝑡ℎ𝑟𝑒𝑒 𝑏𝑜𝑑𝑦 𝑝𝑠𝑒𝑢𝑑𝑜𝑝𝑜𝑡𝑒𝑛𝑡𝑖𝑎𝑙𝑠 𝑎𝑟𝑖𝑠𝑖𝑛𝑔 𝑑𝑢𝑒 𝑡𝑜 𝐿𝐿𝑀.

Peterson and Nayak, PRB, 2013

The pseudopotentials are estimated for m ≤ 8 diagrammatically, using κ as
perturbing parameter, i. e. , terms with κ2 are ignored.

Unless κ is too high or comparing energies with competing states, these
pseudopotentials still may be used for moderate κ for qualitative physics.



Phase Transition into a Re-entrant Quantized Phase

Exact diagonalization at different values of 𝜅 ∶ Ψ𝐸𝑋 𝜅𝑖

𝑂𝑖𝑗 = Ψ𝐸𝑋 𝜅𝑖 Ψ𝐸𝑋 (𝜅𝑗)⟩

Pf: 𝑁 = 14, 2𝑄 = 25 APf: 𝑁 = 12, 2𝑄 = 25 PHPf:𝑁 = 14, 2𝑄 = 27

If found quantized (Groundstate at L=0) :

Clear separation of two quantized phases, irrespective of three flux shifts.

Das, Das, SSM, 
arXiv:2206.0441

Three body pseudopotentials
for 𝑚 ≤ 8.



Proposed Ground State wave function for the Novel Phase

Ψ is consistent with PHPf − shift, 2𝑄 = 2𝑁 − 1

However,Ψ doesn′t have particle − hole symmetry.

Composite bosons segregate (but no physical
segregation) themselves into two groups.

Intra-group non-interacting composite bosons form BEC.

Inter-group composite bosons strongly repel each other.

Like other non-Abelian FQHE ground state wave functions, 
ignoring minimal ubiquitous Pauli-exclusion term, 
the rest is nonzero when two or more particles coincide.

Here, macroscopic N/2 particles may coincide.

The proposed wave function 
Is possibly  non-Abelian in nature.

Das, Das and SSM, 
arXiv:2206.0441

Ψ =ෑ

𝑖<𝑗

𝑁

𝑈𝑖,𝑗 𝑆[ෑ

𝑘=1

𝑁
2

ෑ

𝑙=
𝑁
2+1

𝑁

𝑈𝑘,𝑙
2 ]



Entanglement Spectra

The proposed wave function captures 
the topological order of the state.



Topological Properties of the Proposed Wave Function

𝐾 =
1 3
3 1

, 𝑡 =
1
1

, 𝑙 =
1
0

,

Chern − Simons Lagrangian:

𝐿 = −
1

4𝜋
𝑎 𝐾 𝜕𝑎 +

1

2𝜋
𝑡 𝐴 𝜕𝑎

Filling factor: 𝜈 = 𝑡𝑇𝐾−1𝑡 = 1/2

s=
1/2
1/2

Quasihole charge: 𝑞/𝑒 = 𝑙𝑇𝐾−1𝑡 = 1/4

Topological Shift: 𝑆 =
2

𝜈
𝑡𝑇𝐾−1𝑠 = 1

Groundstate Degeneracy: 𝐷 = 𝐷𝑒𝑡 𝐾 𝑔 = 8𝑔

Eigenvalues of 𝐾: One + ve and one − ve
⇒ Central Charge 𝐶 = 0

Macroscopic
𝑁

2
bosons may coincide.

Hidden 𝑍2 symmetry.

Neutral mode with central charge 𝐶 = 1/2
𝑞 = 𝑒, 𝜅 = 1

𝑞 = 𝑒, 𝜅 = 1

𝑞 = 𝑒/4, 𝜅 = 1

𝑞 = 0, 𝜅 = 1

𝑞 = 0, 𝜅 = 1/2

C = 3-1+1/2

𝜅𝑇 = 2.5
𝜋2𝑘𝐵

2𝑇

3ℎ



OUTLOOK

The topological orders for the quantum Hall states in the second Landau level 
at moderate to high Landau-level-mixing strength needs to be explored for 
knowing true nature of non-Abelian FQHE states.

The nature of transitions between two consecutive IQHE/FQHE states is 
yet unexplored.

Nonequilibrium phenomenon between two consecutive 
IQHE/FQHE states should also be an interesting direction.


