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Entanglement expresses the inherent non-locality of quantum 
systems that prohibits an independent descrip9on of the state of 
par9cles when they are parts of an entangled mul9-par9cle state. 
On a fundamental level, entanglement is now considered a key 
unifying concept in underpinning diverse phenomena from 
quantum informa9on science, and condensed ma@er systems to 
black hole physics.  

A well-known example is provided by the Hawking and Unruh 
effects where the emergence of finite temperature in black holes 
and accelerated vacua is a@ributed to entanglement with an 
unobservable region beyond the horizon and Rindler wedge. So the 
key mo9va9on and eventually result of this work is to find 
experimentally accessible systems in which such a temperature-
entanglement map can be realized. 

In manybody systems, a typical way of quan9fying entanglement is 
provided through the bipar99oning, and then the reduced density 
matrix of one subsystem,  

The posi9ve-definiteness of the reduced density matrix enables us 
to define the entanglement Hamiltonian through:  

This form might suggest some sort of connec9on to thermal 
density matrices. So far, such a connec9on has remained a purely 
theore9cal enterprise since the resul9ng temperature strongly 
varies with spa9al coordinates in the light of the Bisognano-
Wichmann theorem and entanglement area-law behavior.  

The main result in a nutshell 

We show how thermal density matrices emerge from vacuum 
entanglement in an unambiguous and experimentally realizable 
way in lower-dimensional subsystems embedded in a D-
dimensional gapped fermionic vacuum (Fig. below). The generic 
reduced density matrix of such subsystems reads:   

We par9cularly prove this result for Dirac systems, where the 
resul9ng temperature has a weak momentum-dependent and the 
effec9ve subsystem Hamiltonian is a lower-dimensional Dirac 
model induced by the parent system. 

2

tive temperature is determined by the bandwidth in the
traced-out directions. For lattice systems, the e↵ective
temperature acquires momentum dependence; however,
typically the density matrix is excellently reproduced by
a constant-temperature approximation. We explain how
the notion of lower-dimensional thermal subsystems is
closely connected to the table of topological insulators in
di↵erent dimensions. As a striking consequence of our
results, we show that the vacuum entanglement can con-
spire to make lower-dimensional subsystems of a zero-
temperature gapped state appear as hot gapless systems.
Finally, we explain how the thermal nature of the subsys-
tems manifests through fluctuations in observables and
propose a concrete setup, illustrated in Fig. 1(b), where
our predictions can be verified in cold atom quantum sim-
ulators. Specifically, we show that the particle number
fluctuations in a one-dimensional chain embedded in a
two-dimensional array match those of a genuinely one-
dimensional Dirac system at finite temperature, provid-
ing a smoking gun signature of the vacuum entanglement-
induced thermal state.

II. THERMAL ENTANGLEMENT SPECTRA IN
D-DIMENSIONAL GAPPED FERMI SYSTEMS

In this section, we study lower-dimensional subsystems
embedded in the ground state of a gapped D-dimensional
Dirac fermion system with the Hamiltonian

HD(k) =
X

µ

dDµ(k)�
µ ⌘ dD(k) · �, (1)

where �µ are 2n dimensional Cli↵ord matrices {�µ
,�⌫} =

2 �
µ⌫ and dD satisfies dD ·dD > 0 for all D-dimensional

(quasi)momenta k 2 RD. In particular, we show that the
reduced density matrix of a Ds-dimensional translation-
invariant subsystem (Ds < D) can be exactly written in
a thermal form as

⇢Ds =
e
�

P
ks

�(ks)d̂
†
ks

HDs (ks)d̂ks

Z , (2)

where the e↵ective subsystem Hamiltonian (ESH)
HDs(ks) = dDs(ks) · � has a Dirac form with a lower-
dimensional momentum ks 2 RDs and d̂ks are fermion
annihilation operators. We obtain an analytical expres-
sion for the e↵ective translation-invariant inverse tem-
perature �(ks) and demonstrate with examples how ex-
pression (2) typically holds in remarkable accuracy when
�(ks) is approximated by a constant. Despite the sys-
tem as a whole being in the quantum ground state,
from point of view of observables, the subsystems be-
haves as Ds-dimensional systems at finite temperature.
We note that the ESH should not be confused with the
commonly-studied entanglement Hamiltonian HE , de-
fined by ⇢Ds = e

�HE/Z. In contrast to the ESH, the
entanglement Hamiltonian does not provide a natural no-
tion of temperature, and it does not reduce to the sub-

system Hamiltonian even when all couplings between the
reduced subsystem and the rest vanish.

A. Entanglement-Temperature mapping

Here we derive the entanglement-temperature mapping
in Eq. (2). For a free fermion system in a Gaussian state,
including (but not limited to) the ground state and a
finite-temperature state, the reduced density matrix of an
arbitrary subsystem also corresponds to a Gaussian state
[25, 26]. Consequently, due to Wick’s theorem, the entan-
glement spectrum of a subsystem is completely encoded
in the correlation matrix with real-space components de-
fined as C↵↵

0

x,x0 = hĉ†x↵ĉx0↵0i⇤ given in terms of fermion
operators ĉx↵ for a particle with orbital index ↵ and at
position x in the subsystem. If two systems have the
same correlation matrices, they necessary have coincid-
ing reduced density matrices. Here, by matching the cor-
relation matrices, we map the reduced density matrix of
Ds-dimensional subsystems to thermal Ds-dimensional
systems given by Eq. (2). In translationally-invariant
systems, by expanding particle creation operators in the
basis of Bloch eigenstates  ⌫k as ĉ

†
k↵ =

P
⌫
h↵| ⌫kid̂†⌫k

we find the correlation matrix elements in k-space as

hĉ†k↵ĉk↵0i⇤ =
X

⌫

h↵| ⌫kih ⌫k|↵0ihd̂†
⌫kd̂⌫ki,

where the expectation value in the right hand side gives
the Fermi-Dirac distribution nF (E⌫k). In the following,
we assume that the parent D-dimensional system is at
zero temperature so nF (E⌫k) is 1 for filled bands and
0 for others. It is now straightforward to show that by
restricting spatial indices x,x0 to a Ds-dimensional sub-
system with periodic boundary conditions, the correla-
tion matrix becomes

C↵↵
0

x,x0 =
1

LDs

X

ks

e
�iks·(x�x0) h↵| Ĉsub(ks) |↵0i (3)

where L is the linear extent of the system in all D di-
mensions and

Ĉsub(ks) =
1

LD�Ds

X

filled ⌫,k?

| ⌫kih ⌫k|. (4)

The full D-dimensional momentum k = (ks,k?) is de-
composed as the reduced subsystem momentum ks with
Ds components, and the momentum in perpendicular to
the subsystem k? with D � Ds components. We note
that assuming n di↵erent bands (orbitals), we have an
n⇥ n correlation matrix Ĉ. The entanglement spectrum
and the reduced density matrix are now fully determined
by the correlation matrix (3).
The correlation matrix of a genuinely Ds-dimensional

system at a finite temperature is also given by expression
(3) but now with operator Ĉsub(ks) substituted by

Ĉth(ks) =
X

⌫

|�⌫ksih�⌫ks |nF (!⌫ks). (5)

<latexit sha1_base64="qij/4OmtLK3Elb+wChIldF7OemA="></latexit>

⇢⌦ = Tr⌦̄⇢full = Tr⌦̄| ih | =
X

�i
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1
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In certain special circumstances, such as in the vicinity of a black hole or in a uniformly accelerat-
ing frame, vacuum fluctuations appear to give rise to a finite-temperature environment. This e↵ect,
currently without experimental confirmation, can be interpreted as a manifestation of quantum en-
tanglement after tracing out vacuum modes in an unobserved region. In this work, we identify a
class of experimentally accessible quantum systems where thermal density matrices emerge from
vacuum entanglement. We show that reduced density matrices of lower-dimensional subsystems
embedded in D-dimensional gapped Dirac fermion vacuum, either on a lattice or continuum, have a
thermal form with respect to a lower-dimensional Dirac Hamiltonian. Strikingly, we show that vac-
uum entanglement can even conspire to make a subsystem of a gapped system at zero temperature
appear as a hot gapless system. We propose concrete experiments in cold atom quantum simulators
to observe the vacuum entanglement induced thermal states.

I. INTRODUCTION

Thermalization is one of the most widespread and fun-
damental phenomena and plays a central role in virtually
all branches of physics. In standard textbook statistical
physics, a thermal state arises as a maximum entropy
state that satisfies appropriate external constraints [1].
More recently, the notion of the eigenstate thermaliza-
tion hypothesis has identified temperature as a generic
emergent phenomenon in closed quantum systems [2–4].
According to the hypothesis, the reduced density matrix
of a subsystem of a large interacting system has a ther-
mal form with an e↵ective temperature determined by
the average energy density.

While the eigenstate thermalization hypothesis only
accounts for a non-zero temperature in highly excited
systems, there are famous examples of how vacuum fluc-
tuations may give rise to a finite temperature environ-
ment. The Hawking e↵ect, which attributes a finite tem-
perature to black holes, is deeply connected to the en-
tanglement of vacuum modes [5–7]. In the same vein,
the Unruh e↵ect gives rise to a finite temperature for ac-
celerated observers moving in the relativistic vacuum. In
both cases, the apparent unitarity-violating emergence of
a thermal state could be attributed to entanglement with
an unobservable region beyond the event horizon or the
Rindler wedge. It has been recognized that this picture
is valid in a much broader sense, promoting entangle-
ment as the key unifying concept in analyzing diverse
phenomena from black hole physics to condensed matter
systems [8–17]. For example, the emergence of e↵ective
temperature from ground-state entanglement has lately
been identified in systems obeying the entanglement area
law, where the entanglement entropy scales as the sub-
system boundary [17–19]. The area law is known to give
rise to subsystem density matrices which are character-
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(b)

FIG. 1. Entanglement-induced thermal subsystems embed-
ded in D-dimensional Dirac fermion system at zero tempera-
ture. (a): Examples of lower-dimensional thermal subsystems
embedded in 2D and 3D parent states. When the full system
is in the ground state of the total system HamiltonianHD, the
reduced density matrix of the subsystem has a thermal form
⇢ = e��HD�1/Z. (b): Thermal state emerging from vacuum
entanglement could be observed in cold atom quantum simu-
lators by probing particle fluctuations in the one-dimensional
subsystem.

ized by a spatially-varying e↵ective temperature that de-
creases rapidly away from the boundaries [20–24]. Unfor-
tunately, the strongly inhomogeneous entanglement tem-
perature profile is mostly of theoretical interest since its
experimental verification poses so far unresolved practi-
cal and conceptual issues. However, a direct experimen-
tal observation of a thermal state emerging from vacuum
entanglement would be an outstanding achievement with
deep implications on multiple branches of physics.

In this work, we identify a large class of systems, illus-
trated in Fig. 1(a), where vacuum entanglement induces
a uniform temperature and where the phenomenon be-
comes experimentally accessible. Specifically, we show
that the lower-dimensional subsystems embedded in a
D-dimensional gapped Dirac fermion vacuum have ther-
mal density matrices. This property holds for contin-
uum models as well as for lattice systems. The ther-
mal Hamiltonian of a subsystem has a simple relation
to the Hamiltonian of the whole system, while the e↵ec-

Introduc8on

3

where |�⌫ksi and !⌫k are eigenstates and energies of a
Ds-dimensional Hamiltonian. The necessary and suf-
ficient condition for the thermal mapping of the re-
duced density matrix of Ds-dimensional subsystems is
that expressions (4) and (5) must match for some Ds-
dimensional Hamiltonian HDs . Thus, the emergence of
an e↵ective temperature in the subsystem reduced den-
sity matrix arises from the momentum average of D-
dimensional band projectors over the D�Ds unobserved
dimensions. Results Eqs. (3)-(5) are valid for all free
fermions systems.

We now show how the generalized Dirac systems (1)
provide a natural example of entanglement-temperature
correspondence (2). The spectrum of the D-dimensional
parent Hamiltonian (1) is given by "k = ±|dD(k)| and
the projection to the filled negative-energy bands is ob-
tained by

X

filled ⌫

| ⌫kih ⌫k| =
1

2

�
� dD

|dD| · �
�
.

Hence, we find

Ĉsub(ks) =
1

2

�
�
⌦ dD

|dD|
↵
? · �

�
, (6)

with

h· · · i? = L
�(D�Ds)

X

k?

· · ·

denoting the momentum average over the traced over di-
mensions. Defining a new quantity

dDs(ks) =
1

FDs(ks)

⌦ dD

|dD|
↵
?, (7)

where

FDs(ks) = h 1

|dD| i?, (8)

the correlation matrix (6) for the reduced system be-
comes

Ĉsub(ks) =
1

2

�
� FDsdDs · �

�
. (9)

This is immediately similar to the thermal correlation
matrix of a genuinely Ds-dimensional system with a
Dirac Hamiltonian HDs = dDs(ks) · �. Using Eq. (5),
the thermal correlation matrix for such a system reads

Ĉth(ks) =
1

2

X

⌘=±1

⇣
+ ⌘

dDs

|dDs |
· �

⌘
nF (⌘|dks |),

which can be matched with (9) by requiring

FDs(ks) =
nF (�|dDs |)� nF (|dDs |)

|dDs |
.

From this equation we can solve the e↵ective entangle-
ment temperature as

T (ks) = �
�1(ks) =

|dDs |
2 arctanh(|dDs |FDs)

, (10)

The ESH (7) and temperature (10) fix the
entanglement-temperature mapping in Eq. (2), proving
that the ground state entanglement in lower-dimensional
subsystems give rise to a thermal density matrix. This
density matrix is characterized by a translation-invariant
temperature and the ESH HDs which is obtained by av-
eraging the parent Hamiltonian HD over the unobserved
directions. The entanglement temperature (10) is of the
order of the bandwidth (or the hopping amplitude) in
the traced-out dimensions and, as such, very high for
isotropic models. In strong contrast to generic area-law
subsystems which exhibit strongly inhomogeneous spatial
temperature profile [22, 23], the entanglement entropy
here scales as the subsystem volume, and the e↵ective
temperature for lower-dimensional systems can be typi-
cally regarded as a constant as seen below. The analogy
to a true thermal equilibrium state with uniform tem-
perature makes the phenomenon feasible to experimental
studies.

B. Example I: 1D thermal subsystems in a Chern
insulator

To make the general entanglement-temperature map-
ping more concrete, we now illustrate it by examples.
First we study a 2D Chern insulator model and show that
its 1D subsystems corresponds to thermal 1D systems.
In particular, we consider the Qi-Wu-Zhang (QWZ)
model defined by H2D = d2D(k) · � with d2D(k) =
(tx sin kx, ty sin ky,m � tx cos kx � ty cos ky). The corre-
lation matrix elements of a 1D subsystem in x direction
for the 2D model with negative-energy bands filled reads

C��
0

x,x0 =
1

L

X

ky

e
�iky·(x�x

0) h�| Ĉ(kx) |�0i ,

where

C(kx) =
1

2L

X

ky

�
� d2(k)

|d2(k)|
· �

�

=
1

2

⇥
� F(kx)d1(kx) · �

⇤
(11)

and

F(kx) =
1

L

X

ky

1

|d2D(k)| ,

d1D(kx) =
⇥
tx sin kx, 0,m� �m(kx)� tx cos kx

⇤
, (12)

�m(kx) =
1

F(kx)

ty

L

X

ky

cos ky
|d2D(k)| .

<latexit sha1_base64="h/PMMJuL4Pkru+n+iCYSTpD98lI="></latexit>

⇢⌦  ! C(correlation martix)

2

tive temperature is determined by the bandwidth in the
traced-out directions. For lattice systems, the e↵ective
temperature acquires momentum dependence; however,
typically the density matrix is excellently reproduced by
a constant-temperature approximation. We explain how
the notion of lower-dimensional thermal subsystems is
closely connected to the table of topological insulators in
di↵erent dimensions. As a striking consequence of our
results, we show that the vacuum entanglement can con-
spire to make lower-dimensional subsystems of a zero-
temperature gapped state appear as hot gapless systems.
Finally, we explain how the thermal nature of the subsys-
tems manifests through fluctuations in observables and
propose a concrete setup, illustrated in Fig. 1(b), where
our predictions can be verified in cold atom quantum sim-
ulators. Specifically, we show that the particle number
fluctuations in a one-dimensional chain embedded in a
two-dimensional array match those of a genuinely one-
dimensional Dirac system at finite temperature, provid-
ing a smoking gun signature of the vacuum entanglement-
induced thermal state.

II. THERMAL ENTANGLEMENT SPECTRA IN
D-DIMENSIONAL GAPPED FERMI SYSTEMS

In this section, we study lower-dimensional subsystems
embedded in the ground state of a gapped D-dimensional
Dirac fermion system with the Hamiltonian

HD(k) =
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µ

dDµ(k)�
µ ⌘ dD(k) · �, (1)

where �µ are 2n dimensional Cli↵ord matrices {�µ
,�⌫} =

2 �
µ⌫ and dD satisfies dD ·dD > 0 for all D-dimensional

(quasi)momenta k 2 RD. In particular, we show that the
reduced density matrix of a Ds-dimensional translation-
invariant subsystem (Ds < D) can be exactly written in
a thermal form as

⇢Ds =
e
�

P
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�(ks)d̂
†
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HDs (ks)d̂ks

Z , (2)

where the e↵ective subsystem Hamiltonian (ESH)
HDs(ks) = dDs(ks) · � has a Dirac form with a lower-
dimensional momentum ks 2 RDs and d̂ks are fermion
annihilation operators. We obtain an analytical expres-
sion for the e↵ective translation-invariant inverse tem-
perature �(ks) and demonstrate with examples how ex-
pression (2) typically holds in remarkable accuracy when
�(ks) is approximated by a constant. Despite the sys-
tem as a whole being in the quantum ground state,
from point of view of observables, the subsystems be-
haves as Ds-dimensional systems at finite temperature.
We note that the ESH should not be confused with the
commonly-studied entanglement Hamiltonian HE , de-
fined by ⇢Ds = e

�HE/Z. In contrast to the ESH, the
entanglement Hamiltonian does not provide a natural no-
tion of temperature, and it does not reduce to the sub-

system Hamiltonian even when all couplings between the
reduced subsystem and the rest vanish.

A. Entanglement-Temperature mapping

Here we derive the entanglement-temperature mapping
in Eq. (2). For a free fermion system in a Gaussian state,
including (but not limited to) the ground state and a
finite-temperature state, the reduced density matrix of an
arbitrary subsystem also corresponds to a Gaussian state
[25, 26]. Consequently, due to Wick’s theorem, the entan-
glement spectrum of a subsystem is completely encoded
in the correlation matrix with real-space components de-
fined as C↵↵

0

x,x0 = hĉ†x↵ĉx0↵0i⇤ given in terms of fermion
operators ĉx↵ for a particle with orbital index ↵ and at
position x in the subsystem. If two systems have the
same correlation matrices, they necessary have coincid-
ing reduced density matrices. Here, by matching the cor-
relation matrices, we map the reduced density matrix of
Ds-dimensional subsystems to thermal Ds-dimensional
systems given by Eq. (2). In translationally-invariant
systems, by expanding particle creation operators in the
basis of Bloch eigenstates  ⌫k as ĉ

†
k↵ =

P
⌫
h↵| ⌫kid̂†⌫k

we find the correlation matrix elements in k-space as

hĉ†k↵ĉk↵0i⇤ =
X

⌫

h↵| ⌫kih ⌫k|↵0ihd̂†
⌫kd̂⌫ki,

where the expectation value in the right hand side gives
the Fermi-Dirac distribution nF (E⌫k). In the following,
we assume that the parent D-dimensional system is at
zero temperature so nF (E⌫k) is 1 for filled bands and
0 for others. It is now straightforward to show that by
restricting spatial indices x,x0 to a Ds-dimensional sub-
system with periodic boundary conditions, the correla-
tion matrix becomes

C↵↵
0

x,x0 =
1

LDs

X

ks

e
�iks·(x�x0) h↵| Ĉsub(ks) |↵0i (3)

where L is the linear extent of the system in all D di-
mensions and

Ĉsub(ks) =
1

LD�Ds

X

filled ⌫,k?

| ⌫kih ⌫k|. (4)

The full D-dimensional momentum k = (ks,k?) is de-
composed as the reduced subsystem momentum ks with
Ds components, and the momentum in perpendicular to
the subsystem k? with D � Ds components. We note
that assuming n di↵erent bands (orbitals), we have an
n⇥ n correlation matrix Ĉ. The entanglement spectrum
and the reduced density matrix are now fully determined
by the correlation matrix (3).
The correlation matrix of a genuinely Ds-dimensional

system at a finite temperature is also given by expression
(3) but now with operator Ĉsub(ks) substituted by

Ĉth(ks) =
X

⌫

|�⌫ksih�⌫ks |nF (!⌫ks). (5)
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operators ĉx↵ for a particle with orbital index ↵ and at
position x in the subsystem. If two systems have the
same correlation matrices, they necessary have coincid-
ing reduced density matrices. Here, by matching the cor-
relation matrices, we map the reduced density matrix of
Ds-dimensional subsystems to thermal Ds-dimensional
systems given by Eq. (2). In translationally-invariant
systems, by expanding particle creation operators in the
basis of Bloch eigenstates  ⌫k as ĉ
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finite-temperature state, the reduced density matrix of an
arbitrary subsystem also corresponds to a Gaussian state
[25, 26]. Consequently, due to Wick’s theorem, the entan-
glement spectrum of a subsystem is completely encoded
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fined as C↵↵
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x,x0 = hĉ†x↵ĉx0↵0i⇤ given in terms of fermion
operators ĉx↵ for a particle with orbital index ↵ and at
position x in the subsystem. If two systems have the
same correlation matrices, they necessary have coincid-
ing reduced density matrices. Here, by matching the cor-
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systems, by expanding particle creation operators in the
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where the expectation value in the right hand side gives
the Fermi-Dirac distribution nF (E⌫k). In the following,
we assume that the parent D-dimensional system is at
zero temperature so nF (E⌫k) is 1 for filled bands and
0 for others. It is now straightforward to show that by
restricting spatial indices x,x0 to a Ds-dimensional sub-
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The full D-dimensional momentum k = (ks,k?) is de-
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the subsystem k? with D � Ds components. We note
that assuming n di↵erent bands (orbitals), we have an
n⇥ n correlation matrix Ĉ. The entanglement spectrum
and the reduced density matrix are now fully determined
by the correlation matrix (3).
The correlation matrix of a genuinely Ds-dimensional
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the Fermi-Dirac distribution nF (E⌫k). In the following,
we assume that the parent D-dimensional system is at
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�iks·(x�x0) h↵| Ĉsub(ks) |↵0i (3)

where L is the linear extent of the system in all D di-
mensions and
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<latexit sha1_base64="QzGTFZIae7LQw7099LHU4CW4/Y8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0iKqMeiF48V7Qe0oWy2k3bpZhN2N0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemAqujed9O4W19Y3NreJ2aWd3b/+gfHjU1EmmGDZYIhLVDqlGwSU2DDcC26lCGocCW+Hodua3nlBpnshHM04xiOlA8ogzaqz04LvVXrniud4cZJX4OalAjnqv/NXtJyyLURomqNYd30tNMKHKcCZwWupmGlPKRnSAHUsljVEHk/mpU3JmlT6JEmVLGjJXf09MaKz1OA5tZ0zNUC97M/E/r5OZ6DqYcJlmBiVbLIoyQUxCZn+TPlfIjBhbQpni9lbChlRRZmw6JRuCv/zyKmlWXf/S9e8vKrWbPI4inMApnIMPV1CDO6hDAxgM4Ble4c0Rzovz7nwsWgtOPnMMf+B8/gBYfo0v</latexit>

1.2

<latexit sha1_base64="4SeZ93X4OYiu7oobExOrp7vpZjs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEtMeiF48V7Qe0oWy2m3bpZhN2J0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemEph0PO+ncLa+sbmVnG7tLO7t39QPjxqmiTTjDdYIhPdDqnhUijeQIGSt1PNaRxK3gpHtzO/9cS1EYl6xHHKg5gOlIgEo2ilB8+t9soVz/XmIKvEz0kFctR75a9uP2FZzBUySY3p+F6KwYRqFEzyaambGZ5SNqID3rFU0ZibYDI/dUrOrNInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo2owESrNkCu2WBRlkmBCZn+TvtCcoRxbQpkW9lbChlRThjadkg3BX355lTQvXP/K9e8vK7WbPI4inMApnIMP11CDO6hDAxgM4Ble4c2Rzovz7nwsWgtOPnMMf+B8/gBgEI00</latexit>

0.8

<latexit sha1_base64="4HUmaXf3W5O9MrLbLlTBy0cKSwk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikqMeiF48V7Qe0oWy2k3bpZhN2N0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemAqujed9O4W19Y3NreJ2aWd3b/+gfHjU1EmmGDZYIhLVDqlGwSU2DDcC26lCGocCW+Hodua3nlBpnshHM04xiOlA8ogzaqz04LvVXrniud4cZJX4OalAjnqv/NXtJyyLURomqNYd30tNMKHKcCZwWupmGlPKRnSAHUsljVEHk/mpU3JmlT6JEmVLGjJXf09MaKz1OA5tZ0zNUC97M/E/r5OZ6DqYcJlmBiVbLIoyQUxCZn+TPlfIjBhbQpni9lbChlRRZmw6JRuCv/zyKmleuP6l699XK7WbPI4inMApnIMPV1CDO6hDAxgM4Ble4c0Rzovz7nwsWgtOPnMMf+B8/gBbho0x</latexit>

1.4

<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1

<latexit sha1_base64="oQk0cCEnO4dq5KElPzmThRg7Eis=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEqseiF48V7Qe0oWy2m3bpZhN2J0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemEph0PO+ncLa+sbmVnG7tLO7t39QPjxqmiTTjDdYIhPdDqnhUijeQIGSt1PNaRxK3gpHtzO/9cS1EYl6xHHKg5gOlIgEo2ilB8+t9soVz/XmIKvEz0kFctR75a9uP2FZzBUySY3p+F6KwYRqFEzyaambGZ5SNqID3rFU0ZibYDI/dUrOrNInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo+tgIlSaIVdssSjKJMGEzP4mfaE5Qzm2hDIt7K2EDammDG06JRuCv/zyKmleuH7V9e8vK7WbPI4inMApnIMPV1CDO6hDAxgM4Ble4c2Rzovz7nwsWgtOPnMMf+B8/gBdCI0y</latexit>

0.6

<latexit sha1_base64="tpcZ7KBjGnEABWA5FAKozwS5jds=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK1hbaUDbbTbt0swm7EyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmlldW19o7xZ2dre2d2r7h88mjjVjLdYLGPdCajhUijeQoGSdxLNaRRI3g7GN1O//cS1EbF6wCzhfkSHSoSCUbTSPfazfrXm1t0ZyDLxClKDAs1+9as3iFkacYVMUmO6npugn1ONgkk+qfRSwxPKxnTIu5YqGnHj57NTJ+TEKgMSxtqWQjJTf0/kNDImiwLbGVEcmUVvKv7ndVMMr/xcqCRFrth8UZhKgjGZ/k0GQnOGMrOEMi3srYSNqKYMbToVG4K3+PIyeTyrexd17+681rgu4ijDERzDKXhwCQ24hSa0gMEQnuEV3hzpvDjvzse8teQUM4fwB87nD3Swjeo=</latexit>

ty
<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1

<latexit sha1_base64="oQk0cCEnO4dq5KElPzmThRg7Eis=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEqseiF48V7Qe0oWy2m3bpZhN2J0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemEph0PO+ncLa+sbmVnG7tLO7t39QPjxqmiTTjDdYIhPdDqnhUijeQIGSt1PNaRxK3gpHtzO/9cS1EYl6xHHKg5gOlIgEo2ilB8+t9soVz/XmIKvEz0kFctR75a9uP2FZzBUySY3p+F6KwYRqFEzyaambGZ5SNqID3rFU0ZibYDI/dUrOrNInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo+tgIlSaIVdssSjKJMGEzP4mfaE5Qzm2hDIt7K2EDammDG06JRuCv/zyKmleuH7V9e8vK7WbPI4inMApnIMPV1CDO6hDAxgM4Ble4c2Rzovz7nwsWgtOPnMMf+B8/gBdCI0y</latexit>

0.6

<latexit sha1_base64="QFw4+4c0rJUH6eFpMx4QAiOQ4EU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0iKqMeiF48V7Qe0oWy2m3bpZhN2J0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemEph0PO+ncLa+sbmVnG7tLO7t39QPjxqmiTTjDdYIhPdDqnhUijeQIGSt1PNaRxK3gpHtzO/9cS1EYl6xHHKg5gOlIgEo2ilB8+t9soVz/XmIKvEz0kFctR75a9uP2FZzBUySY3p+F6KwYRqFEzyaambGZ5SNqID3rFU0ZibYDI/dUrOrNInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo+tgIlSaIVdssSjKJMGEzP4mfaE5Qzm2hDIt7K2EDammDG06JRuCv/zyKmlWXf/S9e8vKrWbPI4inMApnIMPV1CDO6hDAxgM4Ble4c2Rzovz7nwsWgtOPnMMf+B8/gBW+I0u</latexit>

0.2

<latexit sha1_base64="a/4FyPbW3VkXnpJg1/6+oi5Bpeg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikqMeiF48V7Qe0oWy2m3bpZhN2J0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemEph0PO+ncLa+sbmVnG7tLO7t39QPjxqmiTTjDdYIhPdDqnhUijeQIGSt1PNaRxK3gpHtzO/9cS1EYl6xHHKg5gOlIgEo2ilB8+t9soVz/XmIKvEz0kFctR75a9uP2FZzBUySY3p+F6KwYRqFEzyaambGZ5SNqID3rFU0ZibYDI/dUrOrNInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo+tgIlSaIVdssSjKJMGEzP4mfaE5Qzm2hDIt7K2EDammDG06JRuCv/zyKmleuP6l699XK7WbPI4inMApnIMPV1CDO6hDAxgM4Ble4c2Rzovz7nwsWgtOPnMMf+B8/gBaAI0w</latexit>

0.4

<latexit sha1_base64="4SeZ93X4OYiu7oobExOrp7vpZjs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEtMeiF48V7Qe0oWy2m3bpZhN2J0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemEph0PO+ncLa+sbmVnG7tLO7t39QPjxqmiTTjDdYIhPdDqnhUijeQIGSt1PNaRxK3gpHtzO/9cS1EYl6xHHKg5gOlIgEo2ilB8+t9soVz/XmIKvEz0kFctR75a9uP2FZzBUySY3p+F6KwYRqFEzyaambGZ5SNqID3rFU0ZibYDI/dUrOrNInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo2owESrNkCu2WBRlkmBCZn+TvtCcoRxbQpkW9lbChlRThjadkg3BX355lTQvXP/K9e8vK7WbPI4inMApnIMP11CDO6hDAxgM4Ble4c2Rzovz7nwsWgtOPnMMf+B8/gBgEI00</latexit>

0.8

<latexit sha1_base64="o47vUYeLhY9abwgl/JRmXj9KpYQ=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqBch6MVjRPOAZAmzk9lkyDyWmVkhLPkELx4U8eoXefNvnCR70MSChqKqm+6uKOHMWN//9gorq2vrG8XN0tb2zu5eef+gaVSqCW0QxZVuR9hQziRtWGY5bSeaYhFx2opGt1O/9US1YUo+2nFCQ4EHksWMYOukB3Ed9MoVv+rPgJZJkJMK5Kj3yl/dviKpoNISjo3pBH5iwwxrywink1I3NTTBZIQHtOOoxIKaMJudOkEnTumjWGlX0qKZ+nsiw8KYsYhcp8B2aBa9qfif10ltfBVmTCappZLMF8UpR1ah6d+ozzQllo8dwUQzdysiQ6wxsS6dkgshWHx5mTTPqsFFNbg/r9Ru8jiKcATHcAoBXEIN7qAODSAwgGd4hTePey/eu/cxby14+cwh/IH3+QPJLY15</latexit>

m = 1
<latexit sha1_base64="Q+jOXQE0YaW4ML442MT5attc1ME=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OKxgrGFNpTNdtMu3WzC7kQIpb/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMC1MpDLrut1NaWV1b3yhvVra2d3b3qvsHjybJNOM+S2Si2yE1XArFfRQoeTvVnMah5K1wdDv1W09cG5GoB8xTHsR0oEQkGEUr+djLr71etebW3RnIMvEKUoMCzV71q9tPWBZzhUxSYzqem2IwphoFk3xS6WaGp5SN6IB3LFU05iYYz46dkBOr9EmUaFsKyUz9PTGmsTF5HNrOmOLQLHpT8T+vk2F0FYyFSjPkis0XRZkkmJDp56QvNGcoc0so08LeStiQasrQ5lOxIXiLLy+Tx7O6d1H37s9rjZsijjIcwTGcggeX0IA7aIIPDAQ8wyu8Ocp5cd6dj3lrySlmDuEPnM8faB6ObA==</latexit>

ty = 1

<latexit sha1_base64="oQk0cCEnO4dq5KElPzmThRg7Eis=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEqseiF48V7Qe0oWy2m3bpZhN2J0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemEph0PO+ncLa+sbmVnG7tLO7t39QPjxqmiTTjDdYIhPdDqnhUijeQIGSt1PNaRxK3gpHtzO/9cS1EYl6xHHKg5gOlIgEo2ilB8+t9soVz/XmIKvEz0kFctR75a9uP2FZzBUySY3p+F6KwYRqFEzyaambGZ5SNqID3rFU0ZibYDI/dUrOrNInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo+tgIlSaIVdssSjKJMGEzP4mfaE5Qzm2hDIt7K2EDammDG06JRuCv/zyKmleuH7V9e8vK7WbPI4inMApnIMPV1CDO6hDAxgM4Ble4c2Rzovz7nwsWgtOPnMMf+B8/gBdCI0y</latexit>

0.6

<latexit sha1_base64="a/4FyPbW3VkXnpJg1/6+oi5Bpeg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikqMeiF48V7Qe0oWy2m3bpZhN2J0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemEph0PO+ncLa+sbmVnG7tLO7t39QPjxqmiTTjDdYIhPdDqnhUijeQIGSt1PNaRxK3gpHtzO/9cS1EYl6xHHKg5gOlIgEo2ilB8+t9soVz/XmIKvEz0kFctR75a9uP2FZzBUySY3p+F6KwYRqFEzyaambGZ5SNqID3rFU0ZibYDI/dUrOrNInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo+tgIlSaIVdssSjKJMGEzP4mfaE5Qzm2hDIt7K2EDammDG06JRuCv/zyKmleuP6l699XK7WbPI4inMApnIMPV1CDO6hDAxgM4Ble4c2Rzovz7nwsWgtOPnMMf+B8/gBaAI0w</latexit>

0.4

<latexit sha1_base64="QFw4+4c0rJUH6eFpMx4QAiOQ4EU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0iKqMeiF48V7Qe0oWy2m3bpZhN2J0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemEph0PO+ncLa+sbmVnG7tLO7t39QPjxqmiTTjDdYIhPdDqnhUijeQIGSt1PNaRxK3gpHtzO/9cS1EYl6xHHKg5gOlIgEo2ilB8+t9soVz/XmIKvEz0kFctR75a9uP2FZzBUySY3p+F6KwYRqFEzyaambGZ5SNqID3rFU0ZibYDI/dUrOrNInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo+tgIlSaIVdssSjKJMGEzP4mfaE5Qzm2hDIt7K2EDammDG06JRuCv/zyKmlWXf/S9e8vKrWbPI4inMApnIMPV1CDO6hDAxgM4Ble4c2Rzovz7nwsWgtOPnMMf+B8/gBW+I0u</latexit>

0.2

<latexit sha1_base64="Nh7TLHkIWAHD9QsOwjc+3htkUJM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUcPvlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBexGMug==</latexit>

0

<latexit sha1_base64="0OWUPzxrxxp3bC7T2+vy4dyQCYs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbSbt0swm7G7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6H/WeeuWKW3VnIMvEy0kFctR75a9uP2ZphNIwQbXueG5i/Iwqw5nASambakwoG9EBdiyVNELtZ7NTJ+TEKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5Oa8MrPuExSg5LNF4WpICYm079JnytkRowtoUxxeythQ6ooMzadkg3BW3x5mTTPqt5F1bs7r9Su8ziKcATHcAoeXEINbqEODWAwgGd4hTdHOC/Ou/Mxby04+cwh/IHz+QNldo3g</latexit>

kx

<latexit sha1_base64="BeXjbugyvhOR8YmDNueDbRHXzVI=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBi2VXRD0WvXisYG2hXUo2zbahSTYkWaEs/QtePCji1T/kzX9jtt2Dtj4YeLw3w8y8SHFmrO9/e6WV1bX1jfJmZWt7Z3evun/waJJUE9oiCU90J8KGciZpyzLLaUdpikXEaTsa3+Z++4lqwxL5YCeKhgIPJYsZwTaXznqK9as1v+7PgJZJUJAaFGj2q1+9QUJSQaUlHBvTDXxlwwxrywin00ovNVRhMsZD2nVUYkFNmM1unaITpwxQnGhX0qKZ+nsiw8KYiYhcp8B2ZBa9XPzP66Y2vg4zJlVqqSTzRXHKkU1Q/jgaME2J5RNHMNHM3YrICGtMrIun4kIIFl9eJo/n9eCyHtxf1Bo3RRxlOIJjOIUArqABd9CEFhAYwTO8wpsnvBfv3fuYt5a8YuYQ/sD7/AG7WI4K</latexit>�⇡ <latexit sha1_base64="B6Ip2zTQ9A6DQluwhBc8PdIsfIg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Et4v1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vktZF1atVvfvLSv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOE8+K8Ox+L1oKTzxzDHzifP1G1jdM=</latexit>⇡
<latexit sha1_base64="p27K4n+tVZ3RAAu5qYSihWJD7xA=">AAAB9HicbVBNS8NAEJ31s9avqkcvi0XwVJIi6rHoxWMF+wFNKJvtpl262cTdTaGE/A4vHhTx6o/x5r9x2+agrQ8GHu/NMDMvSATXxnG+0dr6xubWdmmnvLu3f3BYOTpu6zhVlLVoLGLVDYhmgkvWMtwI1k0UI1EgWCcY3838zoQpzWP5aKYJ8yMylDzklBgr+V6oCM28hOdZPe9Xqk7NmQOvErcgVSjQ7Fe+vEFM04hJQwXRuuc6ifEzogynguVlL9UsIXRMhqxnqSQR0342PzrH51YZ4DBWtqTBc/X3REYiradRYDsjYkZ62ZuJ/3m91IQ3fsZlkhom6WJRmApsYjxLAA+4YtSIqSWEKm5vxXREbA7G5lS2IbjLL6+Sdr3mXtXch8tq47aIowSncAYX4MI1NOAemtACCk/wDK/whiboBb2jj0XrGipmTuAP0OcPGXaSUQ==</latexit>⇡

2

<latexit sha1_base64="u1ujxoitncud7NnHrUCtVdBvZCI=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBiyUpoh6LXjxWsB/QxLLZbtqlm03Y3Sgl5H948aCIV/+LN/+N2zQHbX0w8Hhvhpl5fsyZ0rb9bZVWVtfWN8qbla3tnd296v5BR0WJJLRNIh7Jno8V5UzQtmaa014sKQ59Trv+5Gbmdx+pVCwS93oaUy/EI8ECRrA20sOZG0hMUjdmWdrIBtWaXbdzoGXiFKQGBVqD6pc7jEgSUqEJx0r1HTvWXoqlZoTTrOImisaYTPCI9g0VOKTKS/OrM3RilCEKImlKaJSrvydSHCo1DX3TGWI9VoveTPzP6yc6uPJSJuJEU0Hmi4KEIx2hWQRoyCQlmk8NwUQycysiY2xy0CaoignBWXx5mXQadeei7tyd15rXRRxlOIJjOAUHLqEJt9CCNhCQ8Ayv8GY9WS/Wu/Uxby1Zxcwh/IH1+QOE75KI</latexit>

�⇡

2
<latexit sha1_base64="Nh7TLHkIWAHD9QsOwjc+3htkUJM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUcPvlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBexGMug==</latexit>

0

<latexit sha1_base64="lseDt4kDxbJcyTmU+KzpFqpGMdo=">AAAB8HicbVBNSwMxEJ34WetX1aOXYBHqpeyKqMeiF48V7Ie0S8mm2TY0yS5JVihLf4UXD4p49ed489+YtnvQ1gcDj/dmmJkXJoIb63nfaGV1bX1js7BV3N7Z3dsvHRw2TZxqyho0FrFuh8QwwRVrWG4FayeaERkK1gpHt1O/9cS04bF6sOOEBZIMFI84JdZJj1lXS1whZ5NeqexVvRnwMvFzUoYc9V7pq9uPaSqZslQQYzq+l9ggI9pyKtik2E0NSwgdkQHrOKqIZCbIZgdP8KlT+jiKtStl8Uz9PZERacxYhq5TEjs0i95U/M/rpDa6DjKuktQyReeLolRgG+Pp97jPNaNWjB0hVHN3K6ZDogm1LqOiC8FffHmZNM+r/mXVv78o127yOApwDCdQAR+uoAZ3UIcGUJDwDK/whjR6Qe/oY966gvKZI/gD9PkD+pSP3w==</latexit>

(a)
<latexit sha1_base64="G0Tk01B3rGn50Z3CsZmXgCaNFQI=">AAAB8HicbVBNSwMxEJ34WetX1aOXYBHqpeyKqMeiF48V7Ie0S8mm2TY0yS5JVihLf4UXD4p49ed489+YtnvQ1gcDj/dmmJkXJoIb63nfaGV1bX1js7BV3N7Z3dsvHRw2TZxqyho0FrFuh8QwwRVrWG4FayeaERkK1gpHt1O/9cS04bF6sOOEBZIMFI84JdZJj1lXS1wJzya9UtmrejPgZeLnpAw56r3SV7cf01QyZakgxnR8L7FBRrTlVLBJsZsalhA6IgPWcVQRyUyQzQ6e4FOn9HEUa1fK4pn6eyIj0pixDF2nJHZoFr2p+J/XSW10HWRcJallis4XRanANsbT73Gfa0atGDtCqObuVkyHRBNqXUZFF4K/+PIyaZ5X/cuqf39Rrt3kcRTgGE6gAj5cQQ3uoA4NoCDhGV7hDWn0gt7Rx7x1BeUzR/AH6PMH/BqP4A==</latexit>

(b)

<latexit sha1_base64="0OWUPzxrxxp3bC7T2+vy4dyQCYs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbSbt0swm7G7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6H/WeeuWKW3VnIMvEy0kFctR75a9uP2ZphNIwQbXueG5i/Iwqw5nASambakwoG9EBdiyVNELtZ7NTJ+TEKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5Oa8MrPuExSg5LNF4WpICYm079JnytkRowtoUxxeythQ6ooMzadkg3BW3x5mTTPqt5F1bs7r9Su8ziKcATHcAoeXEINbqEODWAwgGd4hTdHOC/Ou/Mxby04+cwh/IHz+QNldo3g</latexit>

kx

<latexit sha1_base64="BeXjbugyvhOR8YmDNueDbRHXzVI=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBi2VXRD0WvXisYG2hXUo2zbahSTYkWaEs/QtePCji1T/kzX9jtt2Dtj4YeLw3w8y8SHFmrO9/e6WV1bX1jfJmZWt7Z3evun/waJJUE9oiCU90J8KGciZpyzLLaUdpikXEaTsa3+Z++4lqwxL5YCeKhgIPJYsZwTaXznqK9as1v+7PgJZJUJAaFGj2q1+9QUJSQaUlHBvTDXxlwwxrywin00ovNVRhMsZD2nVUYkFNmM1unaITpwxQnGhX0qKZ+nsiw8KYiYhcp8B2ZBa9XPzP66Y2vg4zJlVqqSTzRXHKkU1Q/jgaME2J5RNHMNHM3YrICGtMrIun4kIIFl9eJo/n9eCyHtxf1Bo3RRxlOIJjOIUArqABd9CEFhAYwTO8wpsnvBfv3fuYt5a8YuYQ/sD7/AG7WI4K</latexit>�⇡ <latexit sha1_base64="B6Ip2zTQ9A6DQluwhBc8PdIsfIg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Et4v1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vktZF1atVvfvLSv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOE8+K8Ox+L1oKTzxzDHzifP1G1jdM=</latexit>⇡
<latexit sha1_base64="p27K4n+tVZ3RAAu5qYSihWJD7xA=">AAAB9HicbVBNS8NAEJ31s9avqkcvi0XwVJIi6rHoxWMF+wFNKJvtpl262cTdTaGE/A4vHhTx6o/x5r9x2+agrQ8GHu/NMDMvSATXxnG+0dr6xubWdmmnvLu3f3BYOTpu6zhVlLVoLGLVDYhmgkvWMtwI1k0UI1EgWCcY3838zoQpzWP5aKYJ8yMylDzklBgr+V6oCM28hOdZPe9Xqk7NmQOvErcgVSjQ7Fe+vEFM04hJQwXRuuc6ifEzogynguVlL9UsIXRMhqxnqSQR0342PzrH51YZ4DBWtqTBc/X3REYiradRYDsjYkZ62ZuJ/3m91IQ3fsZlkhom6WJRmApsYjxLAA+4YtSIqSWEKm5vxXREbA7G5lS2IbjLL6+Sdr3mXtXch8tq47aIowSncAYX4MI1NOAemtACCk/wDK/whiboBb2jj0XrGipmTuAP0OcPGXaSUQ==</latexit>⇡

2

<latexit sha1_base64="u1ujxoitncud7NnHrUCtVdBvZCI=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBiyUpoh6LXjxWsB/QxLLZbtqlm03Y3Sgl5H948aCIV/+LN/+N2zQHbX0w8Hhvhpl5fsyZ0rb9bZVWVtfWN8qbla3tnd296v5BR0WJJLRNIh7Jno8V5UzQtmaa014sKQ59Trv+5Gbmdx+pVCwS93oaUy/EI8ECRrA20sOZG0hMUjdmWdrIBtWaXbdzoGXiFKQGBVqD6pc7jEgSUqEJx0r1HTvWXoqlZoTTrOImisaYTPCI9g0VOKTKS/OrM3RilCEKImlKaJSrvydSHCo1DX3TGWI9VoveTPzP6yc6uPJSJuJEU0Hmi4KEIx2hWQRoyCQlmk8NwUQycysiY2xy0CaoignBWXx5mXQadeei7tyd15rXRRxlOIJjOAUHLqEJt9CCNhCQ8Ayv8GY9WS/Wu/Uxby1Zxcwh/IH1+QOE75KI</latexit>

�⇡

2
<latexit sha1_base64="Nh7TLHkIWAHD9QsOwjc+3htkUJM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUcPvlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBexGMug==</latexit>

0

<latexit sha1_base64="af1zzSwlm8iDv9o6Wnq0wM28knA=">AAAB8HicbVBNSwMxEJ34WetX1aOXYBHqpeyKqMeiF48V7Ie0S8mm2TY0yS5JVihLf4UXD4p49ed489+YtnvQ1gcDj/dmmJkXJoIb63nfaGV1bX1js7BV3N7Z3dsvHRw2TZxqyho0FrFuh8QwwRVrWG4FayeaERkK1gpHt1O/9cS04bF6sOOEBZIMFI84JdZJj1lXS1yhZ5NeqexVvRnwMvFzUoYc9V7pq9uPaSqZslQQYzq+l9ggI9pyKtik2E0NSwgdkQHrOKqIZCbIZgdP8KlT+jiKtStl8Uz9PZERacxYhq5TEjs0i95U/M/rpDa6DjKuktQyReeLolRgG+Pp97jPNaNWjB0hVHN3K6ZDogm1LqOiC8FffHmZNM+r/mXVv78o127yOApwDCdQAR+uoAZ3UIcGUJDwDK/whjR6Qe/oY966gvKZI/gD9PkD/aCP4Q==</latexit>

(c)
<latexit sha1_base64="bRX9Cc1sMGH2m7SBrI8iBqKF8c8=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9OKxgv2QdinZbLYNTbJLkhXK0l/hxYMiXv053vw3pu0etPXBwOO9GWbmBQln2rjut1NYW9/Y3Cpul3Z29/YPyodHbR2nitAWiXmsugHWlDNJW4YZTruJolgEnHaC8e3M7zxRpVksH8wkob7AQ8kiRrCx0mPWVwJVw/PpoFxxa+4caJV4OalAjuag/NUPY5IKKg3hWOue5ybGz7AyjHA6LfVTTRNMxnhIe5ZKLKj2s/nBU3RmlRBFsbIlDZqrvycyLLSeiMB2CmxGetmbif95vdRE137GZJIaKsliUZRyZGI0+x6FTFFi+MQSTBSztyIywgoTYzMq2RC85ZdXSfui5l3WvPt6pXGTx1GEEziFKnhwBQ24gya0gICAZ3iFN0c5L86787FoLTj5zDH8gfP5A/8mj+I=</latexit>

(d)

<latexit sha1_base64="Nh7TLHkIWAHD9QsOwjc+3htkUJM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUcPvlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBexGMug==</latexit>

0

<latexit sha1_base64="tpcZ7KBjGnEABWA5FAKozwS5jds=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK1hbaUDbbTbt0swm7EyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmlldW19o7xZ2dre2d2r7h88mjjVjLdYLGPdCajhUijeQoGSdxLNaRRI3g7GN1O//cS1EbF6wCzhfkSHSoSCUbTSPfazfrXm1t0ZyDLxClKDAs1+9as3iFkacYVMUmO6npugn1ONgkk+qfRSwxPKxnTIu5YqGnHj57NTJ+TEKgMSxtqWQjJTf0/kNDImiwLbGVEcmUVvKv7ndVMMr/xcqCRFrth8UZhKgjGZ/k0GQnOGMrOEMi3srYSNqKYMbToVG4K3+PIyeTyrexd17+681rgu4ijDERzDKXhwCQ24hSa0gMEQnuEV3hzpvDjvzse8teQUM4fwB87nD3Swjeo=</latexit>

ty
<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1

<latexit sha1_base64="oQk0cCEnO4dq5KElPzmThRg7Eis=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEqseiF48V7Qe0oWy2m3bpZhN2J0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemEph0PO+ncLa+sbmVnG7tLO7t39QPjxqmiTTjDdYIhPdDqnhUijeQIGSt1PNaRxK3gpHtzO/9cS1EYl6xHHKg5gOlIgEo2ilB8+t9soVz/XmIKvEz0kFctR75a9uP2FZzBUySY3p+F6KwYRqFEzyaambGZ5SNqID3rFU0ZibYDI/dUrOrNInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo+tgIlSaIVdssSjKJMGEzP4mfaE5Qzm2hDIt7K2EDammDG06JRuCv/zyKmleuH7V9e8vK7WbPI4inMApnIMPV1CDO6hDAxgM4Ble4c2Rzovz7nwsWgtOPnMMf+B8/gBdCI0y</latexit>

0.6

<latexit sha1_base64="QFw4+4c0rJUH6eFpMx4QAiOQ4EU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0iKqMeiF48V7Qe0oWy2m3bpZhN2J0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemEph0PO+ncLa+sbmVnG7tLO7t39QPjxqmiTTjDdYIhPdDqnhUijeQIGSt1PNaRxK3gpHtzO/9cS1EYl6xHHKg5gOlIgEo2ilB8+t9soVz/XmIKvEz0kFctR75a9uP2FZzBUySY3p+F6KwYRqFEzyaambGZ5SNqID3rFU0ZibYDI/dUrOrNInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo+tgIlSaIVdssSjKJMGEzP4mfaE5Qzm2hDIt7K2EDammDG06JRuCv/zyKmlWXf/S9e8vKrWbPI4inMApnIMPV1CDO6hDAxgM4Ble4c2Rzovz7nwsWgtOPnMMf+B8/gBW+I0u</latexit>

0.2

<latexit sha1_base64="a/4FyPbW3VkXnpJg1/6+oi5Bpeg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikqMeiF48V7Qe0oWy2m3bpZhN2J0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemEph0PO+ncLa+sbmVnG7tLO7t39QPjxqmiTTjDdYIhPdDqnhUijeQIGSt1PNaRxK3gpHtzO/9cS1EYl6xHHKg5gOlIgEo2ilB8+t9soVz/XmIKvEz0kFctR75a9uP2FZzBUySY3p+F6KwYRqFEzyaambGZ5SNqID3rFU0ZibYDI/dUrOrNInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo+tgIlSaIVdssSjKJMGEzP4mfaE5Qzm2hDIt7K2EDammDG06JRuCv/zyKmleuP6l699XK7WbPI4inMApnIMPV1CDO6hDAxgM4Ble4c2Rzovz7nwsWgtOPnMMf+B8/gBaAI0w</latexit>

0.4

<latexit sha1_base64="4SeZ93X4OYiu7oobExOrp7vpZjs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEtMeiF48V7Qe0oWy2m3bpZhN2J0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemEph0PO+ncLa+sbmVnG7tLO7t39QPjxqmiTTjDdYIhPdDqnhUijeQIGSt1PNaRxK3gpHtzO/9cS1EYl6xHHKg5gOlIgEo2ilB8+t9soVz/XmIKvEz0kFctR75a9uP2FZzBUySY3p+F6KwYRqFEzyaambGZ5SNqID3rFU0ZibYDI/dUrOrNInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo2owESrNkCu2WBRlkmBCZn+TvtCcoRxbQpkW9lbChlRThjadkg3BX355lTQvXP/K9e8vK7WbPI4inMApnIMP11CDO6hDAxgM4Ble4c2Rzovz7nwsWgtOPnMMf+B8/gBgEI00</latexit>

0.8

<latexit sha1_base64="o47vUYeLhY9abwgl/JRmXj9KpYQ=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqBch6MVjRPOAZAmzk9lkyDyWmVkhLPkELx4U8eoXefNvnCR70MSChqKqm+6uKOHMWN//9gorq2vrG8XN0tb2zu5eef+gaVSqCW0QxZVuR9hQziRtWGY5bSeaYhFx2opGt1O/9US1YUo+2nFCQ4EHksWMYOukB3Ed9MoVv+rPgJZJkJMK5Kj3yl/dviKpoNISjo3pBH5iwwxrywink1I3NTTBZIQHtOOoxIKaMJudOkEnTumjWGlX0qKZ+nsiw8KYsYhcp8B2aBa9qfif10ltfBVmTCappZLMF8UpR1ah6d+ozzQllo8dwUQzdysiQ6wxsS6dkgshWHx5mTTPqsFFNbg/r9Ru8jiKcATHcAoBXEIN7qAODSAwgGd4hTePey/eu/cxby14+cwh/IH3+QPJLY15</latexit>

m = 1

<latexit sha1_base64="gg+Bkn7RnYX4BoCQllMUcLQ+tYg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btbhJ2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSNsGm4EdhKFVAYC28H4bua3n1BpHkcPZpKgL+kw4iFn1FipIfvlilt15yCrxMtJBXLU++Wv3iBmqcTIMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtjahE7WfzQ6fkzCoDEsbKVmTIXP09kVGp9UQGtlNSM9LL3kz8z+umJrzxMx4lqcGILRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwB14WM9w==</latexit>m

<latexit sha1_base64="QzGTFZIae7LQw7099LHU4CW4/Y8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0iKqMeiF48V7Qe0oWy2k3bpZhN2N0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemAqujed9O4W19Y3NreJ2aWd3b/+gfHjU1EmmGDZYIhLVDqlGwSU2DDcC26lCGocCW+Hodua3nlBpnshHM04xiOlA8ogzaqz04LvVXrniud4cZJX4OalAjnqv/NXtJyyLURomqNYd30tNMKHKcCZwWupmGlPKRnSAHUsljVEHk/mpU3JmlT6JEmVLGjJXf09MaKz1OA5tZ0zNUC97M/E/r5OZ6DqYcJlmBiVbLIoyQUxCZn+TPlfIjBhbQpni9lbChlRRZmw6JRuCv/zyKmlWXf/S9e8vKrWbPI4inMApnIMPV1CDO6hDAxgM4Ble4c0Rzovz7nwsWgtOPnMMf+B8/gBYfo0v</latexit>

1.2

<latexit sha1_base64="4SeZ93X4OYiu7oobExOrp7vpZjs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEtMeiF48V7Qe0oWy2m3bpZhN2J0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemEph0PO+ncLa+sbmVnG7tLO7t39QPjxqmiTTjDdYIhPdDqnhUijeQIGSt1PNaRxK3gpHtzO/9cS1EYl6xHHKg5gOlIgEo2ilB8+t9soVz/XmIKvEz0kFctR75a9uP2FZzBUySY3p+F6KwYRqFEzyaambGZ5SNqID3rFU0ZibYDI/dUrOrNInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo2owESrNkCu2WBRlkmBCZn+TvtCcoRxbQpkW9lbChlRThjadkg3BX355lTQvXP/K9e8vK7WbPI4inMApnIMP11CDO6hDAxgM4Ble4c2Rzovz7nwsWgtOPnMMf+B8/gBgEI00</latexit>

0.8

<latexit sha1_base64="4HUmaXf3W5O9MrLbLlTBy0cKSwk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikqMeiF48V7Qe0oWy2k3bpZhN2N0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemAqujed9O4W19Y3NreJ2aWd3b/+gfHjU1EmmGDZYIhLVDqlGwSU2DDcC26lCGocCW+Hodua3nlBpnshHM04xiOlA8ogzaqz04LvVXrniud4cZJX4OalAjnqv/NXtJyyLURomqNYd30tNMKHKcCZwWupmGlPKRnSAHUsljVEHk/mpU3JmlT6JEmVLGjJXf09MaKz1OA5tZ0zNUC97M/E/r5OZ6DqYcJlmBiVbLIoyQUxCZn+TPlfIjBhbQpni9lbChlRRZmw6JRuCv/zyKmleuP6l699XK7WbPI4inMApnIMPV1CDO6hDAxgM4Ble4c0Rzovz7nwsWgtOPnMMf+B8/gBbho0x</latexit>

1.4

<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1

<latexit sha1_base64="oQk0cCEnO4dq5KElPzmThRg7Eis=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEqseiF48V7Qe0oWy2m3bpZhN2J0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemEph0PO+ncLa+sbmVnG7tLO7t39QPjxqmiTTjDdYIhPdDqnhUijeQIGSt1PNaRxK3gpHtzO/9cS1EYl6xHHKg5gOlIgEo2ilB8+t9soVz/XmIKvEz0kFctR75a9uP2FZzBUySY3p+F6KwYRqFEzyaambGZ5SNqID3rFU0ZibYDI/dUrOrNInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo+tgIlSaIVdssSjKJMGEzP4mfaE5Qzm2hDIt7K2EDammDG06JRuCv/zyKmleuH7V9e8vK7WbPI4inMApnIMPV1CDO6hDAxgM4Ble4c2Rzovz7nwsWgtOPnMMf+B8/gBdCI0y</latexit>

0.6

<latexit sha1_base64="Q+jOXQE0YaW4ML442MT5attc1ME=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OKxgrGFNpTNdtMu3WzC7kQIpb/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMC1MpDLrut1NaWV1b3yhvVra2d3b3qvsHjybJNOM+S2Si2yE1XArFfRQoeTvVnMah5K1wdDv1W09cG5GoB8xTHsR0oEQkGEUr+djLr71etebW3RnIMvEKUoMCzV71q9tPWBZzhUxSYzqem2IwphoFk3xS6WaGp5SN6IB3LFU05iYYz46dkBOr9EmUaFsKyUz9PTGmsTF5HNrOmOLQLHpT8T+vk2F0FYyFSjPkis0XRZkkmJDp56QvNGcoc0so08LeStiQasrQ5lOxIXiLLy+Tx7O6d1H37s9rjZsijjIcwTGcggeX0IA7aIIPDAQ8wyu8Ocp5cd6dj3lrySlmDuEPnM8faB6ObA==</latexit>

ty = 1

<latexit sha1_base64="xBgNbKa7zoNCzMTOfMee3jUcmOc=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKthbaUDabTbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmlldW19o7xZ2dre2d2r7h+0TZJpxlsskYnuBNRwKRRvoUDJO6nmNA4kfwhGN1P/4YlrIxJ1j+OU+zEdKBEJRtFKnV7IJVIS96s1t+7OQJaJV5AaFGj2q1+9MGFZzBUySY3pem6Kfk41Cib5pNLLDE8pG9EB71qqaMyNn8/unZATq4QkSrQthWSm/p7IaWzMOA5sZ0xxaBa9qfif180wuvJzodIMuWLzRVEmCSZk+jwJheYM5dgSyrSwtxI2pJoytBFVbAje4svLpH1W9y7q3t15rXFdxFGGIziGU/DgEhpwC01oAQMJz/AKb86j8+K8Ox/z1pJTzBzCHzifP7gRj8M=</latexit> �m

<latexit sha1_base64="a/4FyPbW3VkXnpJg1/6+oi5Bpeg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikqMeiF48V7Qe0oWy2m3bpZhN2J0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemEph0PO+ncLa+sbmVnG7tLO7t39QPjxqmiTTjDdYIhPdDqnhUijeQIGSt1PNaRxK3gpHtzO/9cS1EYl6xHHKg5gOlIgEo2ilB8+t9soVz/XmIKvEz0kFctR75a9uP2FZzBUySY3p+F6KwYRqFEzyaambGZ5SNqID3rFU0ZibYDI/dUrOrNInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo+tgIlSaIVdssSjKJMGEzP4mfaE5Qzm2hDIt7K2EDammDG06JRuCv/zyKmleuP6l699XK7WbPI4inMApnIMPV1CDO6hDAxgM4Ble4c2Rzovz7nwsWgtOPnMMf+B8/gBaAI0w</latexit>

0.4

<latexit sha1_base64="HRAVjyBhomTzdWdfL75h+zDHX+k=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBiyGRoh6LXjxWsB/QhrLZbtqlu5uwuxFK6F/w4kERr/4hb/4bN20O2vpg4PHeDDPzwoQzbTzv2ymtrW9sbpW3Kzu7e/sH1cOjto5TRWiLxDxW3RBrypmkLcMMp91EUSxCTjvh5C73O09UaRbLRzNNaCDwSLKIEWxy6cJz64NqzXO9OdAq8QtSgwLNQfWrP4xJKqg0hGOte76XmCDDyjDC6azSTzVNMJngEe1ZKrGgOsjmt87QmVWGKIqVLWnQXP09kWGh9VSEtlNgM9bLXi7+5/VSE90EGZNJaqgki0VRypGJUf44GjJFieFTSzBRzN6KyBgrTIyNp2JD8JdfXiXtS9e/cv2Heq1xW8RRhhM4hXPw4RoacA9NaAGBMTzDK7w5wnlx3p2PRWvJKWaO4Q+czx/Do41n</latexit>�0.4

FIG. 2. Entanglement temperature and mass renormalization
in the QWZ model: (a) and (b) panels show the dependence
of mass renormalization �m on momentum kx for di↵erent
values of m and ty, respectively. As discussed in the text,
�m identically vanishes at the gap closing point when m = 1
and kx = 0. (c) and (d) panels show variation of e↵ective
temperature with momentum.

The ESH determining the thermal state is given by
Eq. (12) which has the form of H2D with vanishing trans-
verse hopping ty = 0 and renormalized mass m+�m(kx).
We show the dependence of mass renormalization term
�m on momentum for di↵erent values of m and ty in
Figs. 2(a) and (b), respectively. The mass renormaliza-
tion vanishes identically when m = 1 and kx = 0, which
implies that the gap-closing point of ESH at m = 1 is not
a↵ected by �m. This behavior is not limited to the sim-
ple model with just nearest-neighbor hopping as shown
in Appendix A. We also see that �m is suppressed by
decreasing the lateral hopping and vanishes when ty ! 0
as expected.

The result (11) can be recast into a manifestly thermal
form as

C(kx) =
1

2

X

⌘=±1

⇣
+ ⌘

d1D

|d1D| · �
⌘
nF (⌘|d1D|),

where the temperature is obtained from Eq. (10) as

T (kx) =
|d1D|

2 arctanh(|d1D|F)
.

This temperature is plotted in Fig. 2(c) for various values
of mass m and in 2(d) for di↵erent values of transverse
hopping ty (T , m and ty are expressed in the units of tx).
As seen in Fig. 2(d), the scale of the temperature is set
by transverse hopping ty as expected. The temperature
has a weak dependence on momentum, especially around
m ⇠ 1 which corresponds to the gap closing of the e↵ec-
tive 1D model (12). It is striking that, starting from a
gapped 2D system in the ground state, the reduced den-
sity matrix of a 1D subsystem for m = 1 matches that of
a gapless system at high temperature!

<latexit sha1_base64="lseDt4kDxbJcyTmU+KzpFqpGMdo=">AAAB8HicbVBNSwMxEJ34WetX1aOXYBHqpeyKqMeiF48V7Ie0S8mm2TY0yS5JVihLf4UXD4p49ed489+YtnvQ1gcDj/dmmJkXJoIb63nfaGV1bX1js7BV3N7Z3dsvHRw2TZxqyho0FrFuh8QwwRVrWG4FayeaERkK1gpHt1O/9cS04bF6sOOEBZIMFI84JdZJj1lXS1whZ5NeqexVvRnwMvFzUoYc9V7pq9uPaSqZslQQYzq+l9ggI9pyKtik2E0NSwgdkQHrOKqIZCbIZgdP8KlT+jiKtStl8Uz9PZERacxYhq5TEjs0i95U/M/rpDa6DjKuktQyReeLolRgG+Pp97jPNaNWjB0hVHN3K6ZDogm1LqOiC8FffHmZNM+r/mXVv78o127yOApwDCdQAR+uoAZ3UIcGUJDwDK/whjR6Qe/oY966gvKZI/gD9PkD+pSP3w==</latexit>

(a)

<latexit sha1_base64="G0Tk01B3rGn50Z3CsZmXgCaNFQI=">AAAB8HicbVBNSwMxEJ34WetX1aOXYBHqpeyKqMeiF48V7Ie0S8mm2TY0yS5JVihLf4UXD4p49ed489+YtnvQ1gcDj/dmmJkXJoIb63nfaGV1bX1js7BV3N7Z3dsvHRw2TZxqyho0FrFuh8QwwRVrWG4FayeaERkK1gpHt1O/9cS04bF6sOOEBZIMFI84JdZJj1lXS1wJzya9UtmrejPgZeLnpAw56r3SV7cf01QyZakgxnR8L7FBRrTlVLBJsZsalhA6IgPWcVQRyUyQzQ6e4FOn9HEUa1fK4pn6eyIj0pixDF2nJHZoFr2p+J/XSW10HWRcJallis4XRanANsbT73Gfa0atGDtCqObuVkyHRBNqXUZFF4K/+PIyaZ5X/cuqf39Rrt3kcRTgGE6gAj5cQQ3uoA4NoCDhGV7hDWn0gt7Rx7x1BeUzR/AH6PMH/BqP4A==</latexit>

(b)

<latexit sha1_base64="PBY966hDOsEIvQ2gLkwz3z6K9rQ=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyURUY9FLx6r2A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7dRvPaHSPJaPZpygH9GB5CFn1Fjp4czrlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzS6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCaz/jMkkNSjZfFKaCmJhM3yZ9rpAZMbaEMsXtrYQNqaLM2HBKNgRv8eVl0jyvepdV7/6iUrvJ4yjCERzDKXhwBTW4gzo0gEEIz/AKb87IeXHenY95a8HJZw7hD5zPH+XajPI=</latexit>�1
<latexit sha1_base64="hdFrA3ozaT+abVFBHqgEpT0Hmg4=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSRF1GPRi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8pAzaqz0cF7tlcpuxZ2BLBMvJ2XIUe+Vvrr9mKURSsME1brjuYnxM6oMZwInxW6qMaFsRAfYsVTSCLWfzS6dkFOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCaz/jMkkNSjZfFKaCmJhM3yZ9rpAZMbaEMsXtrYQNqaLM2HCKNgRv8eVl0qxWvMuKd39Rrt3kcRTgGE7gDDy4ghrcQR0awCCEZ3iFN2fkvDjvzse8dcXJZ47gD5zPH+dejPM=</latexit>�2

<latexit sha1_base64="nIUqBHSTIPd3xKKTSocXTsZ0kQE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqte86JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfhmMvA==</latexit>

2
<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1
<latexit sha1_base64="Nh7TLHkIWAHD9QsOwjc+3htkUJM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUcPvlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBexGMug==</latexit>

0
<latexit sha1_base64="Jz6A/dEiQKA7BGFLg7RtpqPW9OE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeiyK4LEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfzsrq2vrGZmGruL2zu7dfOjhs6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WDGSfoR3QgecgZNVaq3/VKZbfizkCWiZeTMuSo9Upf3X7M0gilYYJq3fHcxPgZVYYzgZNiN9WYUDaiA+xYKmmE2s9mh07IqVX6JIyVLWnITP09kdFI63EU2M6ImqFe9Kbif14nNeG1n3GZpAYlmy8KU0FMTKZfkz5XyIwYW0KZ4vZWwoZUUWZsNkUbgrf48jJpnle8y4pXvyhXb/I4CnAMJ3AGHlxBFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MHmuWMzw==</latexit>

E

<latexit sha1_base64="H9CYWSaXNGM3FPpEAtfXu723HJs=">AAAB8XicbVBNSwMxEJ31s9avqkcvwSJUkLIroh6LonisYD+wXUo2zbah2WRJsmJZ+i+8eFDEq//Gm//GtN2Dtj4YeLw3w8y8IOZMG9f9dhYWl5ZXVnNr+fWNza3tws5uXctEEVojkkvVDLCmnAlaM8xw2owVxVHAaSMYXI39xiNVmklxb4Yx9SPcEyxkBBsrPbSf2LHo3JSujzqFolt2J0DzxMtIETJUO4WvdleSJKLCEI61bnlubPwUK8MIp6N8O9E0xmSAe7RlqcAR1X46uXiEDq3SRaFUtoRBE/X3RIojrYdRYDsjbPp61huL/3mtxIQXfspEnBgqyHRRmHBkJBq/j7pMUWL40BJMFLO3ItLHChNjQ8rbELzZl+dJ/aTsnZW9u9Ni5TKLIwf7cAAl8OAcKnALVagBAQHP8ApvjnZenHfnY9q64GQze/AHzucPNiuP9g==</latexit> ⇠,
n
F
(E

)

<latexit sha1_base64="Nh7TLHkIWAHD9QsOwjc+3htkUJM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUcPvlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBexGMug==</latexit>

0

<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>
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FIG. 3. Thermal population of the 1D subsystem in the
QWZ model: (a) Correlation matrix spectra for 1D subsys-
tem (shown by circles/squares) and thermal system (shown
by lines) for m = 1 and two di↵erent values of lateral hop-
ping. (b) Similar results for m = 1.4. In both panels, the
thermal correlation spectrum is given by the Fermi-Dirac dis-
tribution nF (E) at temperatures T = 0.5 (for ty = 1), T = 0.1
(for ty = 0.2), and plotted as a function of the ESH energy
E = ±|d1D(kx)| .

Thermalization is further confirmed in Fig. 3, which
shows comparison between the exact correlation matrix
eigenvalues (denoted by ⇠) and the corresponding ther-
mal model with constant temperature. The correlation
matrix eigenvalues provide the occupation probabilities
of the subsystem states and are given by the Fermi-Dirac
distribution at finite temperature. As seen in Fig. 3(a),
the constant temperature Fermi-Dirac distribution essen-
tially reproduces the exact results. Furthermore, near
m = 1 the vacuum entanglement conspires to make the
1D subsystem of the 2D insulator to appear as a hot
1D metal. This is not a coincidence, and in Sec. III we
explore the pattern how gapless thermal reduced density
matrices systematically arise fromD-dimensional gapped
Dirac fermions. Away from |m| = 1, the ESH (12) is
gapped, as indicated by the correlation matrix spectrum
in Fig. 3(b). In Sec. IV we discuss how the entanglement-
induced thermal state and the gapless subsystems can
be observed through experimentally measurable fluctua-
tions.

C. Example II: Dirac models with linear dispersion

We now show that the entanglement-temperature map-
ping of lower-dimensional subsystems becomes simple for
continuum Dirac models with linear dispersion in ar-
bitrary spatial dimensions. For simplicity, we consider
the two-dimensional case but generalization to higher di-
mensions is straightforward. Let’s consider Hamiltonian
H2D = d2D(k)·� with d2D(k) = (kx, ky,m) representing
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where |�⌫ksi and !⌫k are eigenstates and energies of a
Ds-dimensional Hamiltonian. The necessary and suf-
ficient condition for the thermal mapping of the re-
duced density matrix of Ds-dimensional subsystems is
that expressions (4) and (5) must match for some Ds-
dimensional Hamiltonian HDs . Thus, the emergence of
an e↵ective temperature in the subsystem reduced den-
sity matrix arises from the momentum average of D-
dimensional band projectors over the D�Ds unobserved
dimensions. Results Eqs. (3)-(5) are valid for all free
fermions systems.

We now show how the generalized Dirac systems (1)
provide a natural example of entanglement-temperature
correspondence (2). The spectrum of the D-dimensional
parent Hamiltonian (1) is given by "k = ±|dD(k)| and
the projection to the filled negative-energy bands is ob-
tained by

X

filled ⌫

| ⌫kih ⌫k| =
1

2

�
� dD

|dD| · �
�
.

Hence, we find

Ĉsub(ks) =
1

2

�
�
⌦ dD

|dD|
↵
? · �

�
, (6)

with

h· · · i? = L
�(D�Ds)

X

k?

· · ·

denoting the momentum average over the traced over di-
mensions. Defining a new quantity

dDs(ks) =
1

FDs(ks)

⌦ dD

|dD|
↵
?, (7)

where

FDs(ks) = h 1

|dD| i?, (8)

the correlation matrix (6) for the reduced system be-
comes

Ĉsub(ks) =
1

2

�
� FDsdDs · �

�
. (9)

This is immediately similar to the thermal correlation
matrix of a genuinely Ds-dimensional system with a
Dirac Hamiltonian HDs = dDs(ks) · �. Using Eq. (5),
the thermal correlation matrix for such a system reads

Ĉth(ks) =
1

2

X

⌘=±1

⇣
+ ⌘

dDs

|dDs |
· �

⌘
nF (⌘|dks |),

which can be matched with (9) by requiring

FDs(ks) =
nF (�|dDs |)� nF (|dDs |)

|dDs |
.

From this equation we can solve the e↵ective entangle-
ment temperature as

T (ks) = �
�1(ks) =

|dDs |
2 arctanh(|dDs |FDs)

, (10)

The ESH (7) and temperature (10) fix the
entanglement-temperature mapping in Eq. (2), proving
that the ground state entanglement in lower-dimensional
subsystems give rise to a thermal density matrix. This
density matrix is characterized by a translation-invariant
temperature and the ESH HDs which is obtained by av-
eraging the parent Hamiltonian HD over the unobserved
directions. The entanglement temperature (10) is of the
order of the bandwidth (or the hopping amplitude) in
the traced-out dimensions and, as such, very high for
isotropic models. In strong contrast to generic area-law
subsystems which exhibit strongly inhomogeneous spatial
temperature profile [22, 23], the entanglement entropy
here scales as the subsystem volume, and the e↵ective
temperature for lower-dimensional systems can be typi-
cally regarded as a constant as seen below. The analogy
to a true thermal equilibrium state with uniform tem-
perature makes the phenomenon feasible to experimental
studies.

B. Example I: 1D thermal subsystems in a Chern
insulator

To make the general entanglement-temperature map-
ping more concrete, we now illustrate it by examples.
First we study a 2D Chern insulator model and show that
its 1D subsystems corresponds to thermal 1D systems.
In particular, we consider the Qi-Wu-Zhang (QWZ)
model defined by H2D = d2D(k) · � with d2D(k) =
(tx sin kx, ty sin ky,m � tx cos kx � ty cos ky). The corre-
lation matrix elements of a 1D subsystem in x direction
for the 2D model with negative-energy bands filled reads

C��
0

x,x0 =
1

L

X

ky

e
�iky·(x�x

0) h�| Ĉ(kx) |�0i ,

where

C(kx) =
1

2L

X

ky

�
� d2(k)

|d2(k)|
· �

�

=
1

2

⇥
� F(kx)d1(kx) · �

⇤
(11)

and

F(kx) =
1

L

X

ky

1

|d2D(k)| ,

d1D(kx) =
⇥
tx sin kx, 0,m� �m(kx)� tx cos kx

⇤
, (12)

�m(kx) =
1

F(kx)

ty

L

X

ky

cos ky
|d2D(k)| .
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<latexit sha1_base64="4SeZ93X4OYiu7oobExOrp7vpZjs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEtMeiF48V7Qe0oWy2m3bpZhN2J0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemEph0PO+ncLa+sbmVnG7tLO7t39QPjxqmiTTjDdYIhPdDqnhUijeQIGSt1PNaRxK3gpHtzO/9cS1EYl6xHHKg5gOlIgEo2ilB8+t9soVz/XmIKvEz0kFctR75a9uP2FZzBUySY3p+F6KwYRqFEzyaambGZ5SNqID3rFU0ZibYDI/dUrOrNInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo2owESrNkCu2WBRlkmBCZn+TvtCcoRxbQpkW9lbChlRThjadkg3BX355lTQvXP/K9e8vK7WbPI4inMApnIMP11CDO6hDAxgM4Ble4c2Rzovz7nwsWgtOPnMMf+B8/gBgEI00</latexit>

0.8

<latexit sha1_base64="4HUmaXf3W5O9MrLbLlTBy0cKSwk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikqMeiF48V7Qe0oWy2k3bpZhN2N0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemAqujed9O4W19Y3NreJ2aWd3b/+gfHjU1EmmGDZYIhLVDqlGwSU2DDcC26lCGocCW+Hodua3nlBpnshHM04xiOlA8ogzaqz04LvVXrniud4cZJX4OalAjnqv/NXtJyyLURomqNYd30tNMKHKcCZwWupmGlPKRnSAHUsljVEHk/mpU3JmlT6JEmVLGjJXf09MaKz1OA5tZ0zNUC97M/E/r5OZ6DqYcJlmBiVbLIoyQUxCZn+TPlfIjBhbQpni9lbChlRRZmw6JRuCv/zyKmleuP6l699XK7WbPI4inMApnIMPV1CDO6hDAxgM4Ble4c0Rzovz7nwsWgtOPnMMf+B8/gBbho0x</latexit>

1.4

<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1

<latexit sha1_base64="oQk0cCEnO4dq5KElPzmThRg7Eis=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEqseiF48V7Qe0oWy2m3bpZhN2J0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemEph0PO+ncLa+sbmVnG7tLO7t39QPjxqmiTTjDdYIhPdDqnhUijeQIGSt1PNaRxK3gpHtzO/9cS1EYl6xHHKg5gOlIgEo2ilB8+t9soVz/XmIKvEz0kFctR75a9uP2FZzBUySY3p+F6KwYRqFEzyaambGZ5SNqID3rFU0ZibYDI/dUrOrNInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo+tgIlSaIVdssSjKJMGEzP4mfaE5Qzm2hDIt7K2EDammDG06JRuCv/zyKmleuH7V9e8vK7WbPI4inMApnIMPV1CDO6hDAxgM4Ble4c2Rzovz7nwsWgtOPnMMf+B8/gBdCI0y</latexit>

0.6

<latexit sha1_base64="tpcZ7KBjGnEABWA5FAKozwS5jds=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK1hbaUDbbTbt0swm7EyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmlldW19o7xZ2dre2d2r7h88mjjVjLdYLGPdCajhUijeQoGSdxLNaRRI3g7GN1O//cS1EbF6wCzhfkSHSoSCUbTSPfazfrXm1t0ZyDLxClKDAs1+9as3iFkacYVMUmO6npugn1ONgkk+qfRSwxPKxnTIu5YqGnHj57NTJ+TEKgMSxtqWQjJTf0/kNDImiwLbGVEcmUVvKv7ndVMMr/xcqCRFrth8UZhKgjGZ/k0GQnOGMrOEMi3srYSNqKYMbToVG4K3+PIyeTyrexd17+681rgu4ijDERzDKXhwCQ24hSa0gMEQnuEV3hzpvDjvzse8teQUM4fwB87nD3Swjeo=</latexit>

ty
<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1

<latexit sha1_base64="oQk0cCEnO4dq5KElPzmThRg7Eis=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEqseiF48V7Qe0oWy2m3bpZhN2J0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemEph0PO+ncLa+sbmVnG7tLO7t39QPjxqmiTTjDdYIhPdDqnhUijeQIGSt1PNaRxK3gpHtzO/9cS1EYl6xHHKg5gOlIgEo2ilB8+t9soVz/XmIKvEz0kFctR75a9uP2FZzBUySY3p+F6KwYRqFEzyaambGZ5SNqID3rFU0ZibYDI/dUrOrNInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo+tgIlSaIVdssSjKJMGEzP4mfaE5Qzm2hDIt7K2EDammDG06JRuCv/zyKmleuH7V9e8vK7WbPI4inMApnIMPV1CDO6hDAxgM4Ble4c2Rzovz7nwsWgtOPnMMf+B8/gBdCI0y</latexit>

0.6

<latexit sha1_base64="QFw4+4c0rJUH6eFpMx4QAiOQ4EU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0iKqMeiF48V7Qe0oWy2m3bpZhN2J0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemEph0PO+ncLa+sbmVnG7tLO7t39QPjxqmiTTjDdYIhPdDqnhUijeQIGSt1PNaRxK3gpHtzO/9cS1EYl6xHHKg5gOlIgEo2ilB8+t9soVz/XmIKvEz0kFctR75a9uP2FZzBUySY3p+F6KwYRqFEzyaambGZ5SNqID3rFU0ZibYDI/dUrOrNInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo+tgIlSaIVdssSjKJMGEzP4mfaE5Qzm2hDIt7K2EDammDG06JRuCv/zyKmlWXf/S9e8vKrWbPI4inMApnIMPV1CDO6hDAxgM4Ble4c2Rzovz7nwsWgtOPnMMf+B8/gBW+I0u</latexit>

0.2

<latexit sha1_base64="a/4FyPbW3VkXnpJg1/6+oi5Bpeg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikqMeiF48V7Qe0oWy2m3bpZhN2J0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemEph0PO+ncLa+sbmVnG7tLO7t39QPjxqmiTTjDdYIhPdDqnhUijeQIGSt1PNaRxK3gpHtzO/9cS1EYl6xHHKg5gOlIgEo2ilB8+t9soVz/XmIKvEz0kFctR75a9uP2FZzBUySY3p+F6KwYRqFEzyaambGZ5SNqID3rFU0ZibYDI/dUrOrNInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo+tgIlSaIVdssSjKJMGEzP4mfaE5Qzm2hDIt7K2EDammDG06JRuCv/zyKmleuP6l699XK7WbPI4inMApnIMPV1CDO6hDAxgM4Ble4c2Rzovz7nwsWgtOPnMMf+B8/gBaAI0w</latexit>

0.4

<latexit sha1_base64="4SeZ93X4OYiu7oobExOrp7vpZjs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEtMeiF48V7Qe0oWy2m3bpZhN2J0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemEph0PO+ncLa+sbmVnG7tLO7t39QPjxqmiTTjDdYIhPdDqnhUijeQIGSt1PNaRxK3gpHtzO/9cS1EYl6xHHKg5gOlIgEo2ilB8+t9soVz/XmIKvEz0kFctR75a9uP2FZzBUySY3p+F6KwYRqFEzyaambGZ5SNqID3rFU0ZibYDI/dUrOrNInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo2owESrNkCu2WBRlkmBCZn+TvtCcoRxbQpkW9lbChlRThjadkg3BX355lTQvXP/K9e8vK7WbPI4inMApnIMP11CDO6hDAxgM4Ble4c2Rzovz7nwsWgtOPnMMf+B8/gBgEI00</latexit>

0.8

<latexit sha1_base64="o47vUYeLhY9abwgl/JRmXj9KpYQ=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqBch6MVjRPOAZAmzk9lkyDyWmVkhLPkELx4U8eoXefNvnCR70MSChqKqm+6uKOHMWN//9gorq2vrG8XN0tb2zu5eef+gaVSqCW0QxZVuR9hQziRtWGY5bSeaYhFx2opGt1O/9US1YUo+2nFCQ4EHksWMYOukB3Ed9MoVv+rPgJZJkJMK5Kj3yl/dviKpoNISjo3pBH5iwwxrywink1I3NTTBZIQHtOOoxIKaMJudOkEnTumjWGlX0qKZ+nsiw8KYsYhcp8B2aBa9qfif10ltfBVmTCappZLMF8UpR1ah6d+ozzQllo8dwUQzdysiQ6wxsS6dkgshWHx5mTTPqsFFNbg/r9Ru8jiKcATHcAoBXEIN7qAODSAwgGd4hTePey/eu/cxby14+cwh/IH3+QPJLY15</latexit>

m = 1
<latexit sha1_base64="Q+jOXQE0YaW4ML442MT5attc1ME=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OKxgrGFNpTNdtMu3WzC7kQIpb/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMC1MpDLrut1NaWV1b3yhvVra2d3b3qvsHjybJNOM+S2Si2yE1XArFfRQoeTvVnMah5K1wdDv1W09cG5GoB8xTHsR0oEQkGEUr+djLr71etebW3RnIMvEKUoMCzV71q9tPWBZzhUxSYzqem2IwphoFk3xS6WaGp5SN6IB3LFU05iYYz46dkBOr9EmUaFsKyUz9PTGmsTF5HNrOmOLQLHpT8T+vk2F0FYyFSjPkis0XRZkkmJDp56QvNGcoc0so08LeStiQasrQ5lOxIXiLLy+Tx7O6d1H37s9rjZsijjIcwTGcggeX0IA7aIIPDAQ8wyu8Ocp5cd6dj3lrySlmDuEPnM8faB6ObA==</latexit>

ty = 1

<latexit sha1_base64="oQk0cCEnO4dq5KElPzmThRg7Eis=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEqseiF48V7Qe0oWy2m3bpZhN2J0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemEph0PO+ncLa+sbmVnG7tLO7t39QPjxqmiTTjDdYIhPdDqnhUijeQIGSt1PNaRxK3gpHtzO/9cS1EYl6xHHKg5gOlIgEo2ilB8+t9soVz/XmIKvEz0kFctR75a9uP2FZzBUySY3p+F6KwYRqFEzyaambGZ5SNqID3rFU0ZibYDI/dUrOrNInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo+tgIlSaIVdssSjKJMGEzP4mfaE5Qzm2hDIt7K2EDammDG06JRuCv/zyKmleuH7V9e8vK7WbPI4inMApnIMPV1CDO6hDAxgM4Ble4c2Rzovz7nwsWgtOPnMMf+B8/gBdCI0y</latexit>

0.6

<latexit sha1_base64="a/4FyPbW3VkXnpJg1/6+oi5Bpeg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikqMeiF48V7Qe0oWy2m3bpZhN2J0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemEph0PO+ncLa+sbmVnG7tLO7t39QPjxqmiTTjDdYIhPdDqnhUijeQIGSt1PNaRxK3gpHtzO/9cS1EYl6xHHKg5gOlIgEo2ilB8+t9soVz/XmIKvEz0kFctR75a9uP2FZzBUySY3p+F6KwYRqFEzyaambGZ5SNqID3rFU0ZibYDI/dUrOrNInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo+tgIlSaIVdssSjKJMGEzP4mfaE5Qzm2hDIt7K2EDammDG06JRuCv/zyKmleuP6l699XK7WbPI4inMApnIMPV1CDO6hDAxgM4Ble4c2Rzovz7nwsWgtOPnMMf+B8/gBaAI0w</latexit>

0.4

<latexit sha1_base64="QFw4+4c0rJUH6eFpMx4QAiOQ4EU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0iKqMeiF48V7Qe0oWy2m3bpZhN2J0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemEph0PO+ncLa+sbmVnG7tLO7t39QPjxqmiTTjDdYIhPdDqnhUijeQIGSt1PNaRxK3gpHtzO/9cS1EYl6xHHKg5gOlIgEo2ilB8+t9soVz/XmIKvEz0kFctR75a9uP2FZzBUySY3p+F6KwYRqFEzyaambGZ5SNqID3rFU0ZibYDI/dUrOrNInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo+tgIlSaIVdssSjKJMGEzP4mfaE5Qzm2hDIt7K2EDammDG06JRuCv/zyKmlWXf/S9e8vKrWbPI4inMApnIMPV1CDO6hDAxgM4Ble4c2Rzovz7nwsWgtOPnMMf+B8/gBW+I0u</latexit>

0.2

<latexit sha1_base64="Nh7TLHkIWAHD9QsOwjc+3htkUJM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUcPvlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBexGMug==</latexit>

0

<latexit sha1_base64="0OWUPzxrxxp3bC7T2+vy4dyQCYs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbSbt0swm7G7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6H/WeeuWKW3VnIMvEy0kFctR75a9uP2ZphNIwQbXueG5i/Iwqw5nASambakwoG9EBdiyVNELtZ7NTJ+TEKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5Oa8MrPuExSg5LNF4WpICYm079JnytkRowtoUxxeythQ6ooMzadkg3BW3x5mTTPqt5F1bs7r9Su8ziKcATHcAoeXEINbqEODWAwgGd4hTdHOC/Ou/Mxby04+cwh/IHz+QNldo3g</latexit>

kx

<latexit sha1_base64="BeXjbugyvhOR8YmDNueDbRHXzVI=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBi2VXRD0WvXisYG2hXUo2zbahSTYkWaEs/QtePCji1T/kzX9jtt2Dtj4YeLw3w8y8SHFmrO9/e6WV1bX1jfJmZWt7Z3evun/waJJUE9oiCU90J8KGciZpyzLLaUdpikXEaTsa3+Z++4lqwxL5YCeKhgIPJYsZwTaXznqK9as1v+7PgJZJUJAaFGj2q1+9QUJSQaUlHBvTDXxlwwxrywin00ovNVRhMsZD2nVUYkFNmM1unaITpwxQnGhX0qKZ+nsiw8KYiYhcp8B2ZBa9XPzP66Y2vg4zJlVqqSTzRXHKkU1Q/jgaME2J5RNHMNHM3YrICGtMrIun4kIIFl9eJo/n9eCyHtxf1Bo3RRxlOIJjOIUArqABd9CEFhAYwTO8wpsnvBfv3fuYt5a8YuYQ/sD7/AG7WI4K</latexit>�⇡ <latexit sha1_base64="B6Ip2zTQ9A6DQluwhBc8PdIsfIg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Et4v1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vktZF1atVvfvLSv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOE8+K8Ox+L1oKTzxzDHzifP1G1jdM=</latexit>⇡
<latexit sha1_base64="p27K4n+tVZ3RAAu5qYSihWJD7xA=">AAAB9HicbVBNS8NAEJ31s9avqkcvi0XwVJIi6rHoxWMF+wFNKJvtpl262cTdTaGE/A4vHhTx6o/x5r9x2+agrQ8GHu/NMDMvSATXxnG+0dr6xubWdmmnvLu3f3BYOTpu6zhVlLVoLGLVDYhmgkvWMtwI1k0UI1EgWCcY3838zoQpzWP5aKYJ8yMylDzklBgr+V6oCM28hOdZPe9Xqk7NmQOvErcgVSjQ7Fe+vEFM04hJQwXRuuc6ifEzogynguVlL9UsIXRMhqxnqSQR0342PzrH51YZ4DBWtqTBc/X3REYiradRYDsjYkZ62ZuJ/3m91IQ3fsZlkhom6WJRmApsYjxLAA+4YtSIqSWEKm5vxXREbA7G5lS2IbjLL6+Sdr3mXtXch8tq47aIowSncAYX4MI1NOAemtACCk/wDK/whiboBb2jj0XrGipmTuAP0OcPGXaSUQ==</latexit>⇡

2

<latexit sha1_base64="u1ujxoitncud7NnHrUCtVdBvZCI=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBiyUpoh6LXjxWsB/QxLLZbtqlm03Y3Sgl5H948aCIV/+LN/+N2zQHbX0w8Hhvhpl5fsyZ0rb9bZVWVtfWN8qbla3tnd296v5BR0WJJLRNIh7Jno8V5UzQtmaa014sKQ59Trv+5Gbmdx+pVCwS93oaUy/EI8ECRrA20sOZG0hMUjdmWdrIBtWaXbdzoGXiFKQGBVqD6pc7jEgSUqEJx0r1HTvWXoqlZoTTrOImisaYTPCI9g0VOKTKS/OrM3RilCEKImlKaJSrvydSHCo1DX3TGWI9VoveTPzP6yc6uPJSJuJEU0Hmi4KEIx2hWQRoyCQlmk8NwUQycysiY2xy0CaoignBWXx5mXQadeei7tyd15rXRRxlOIJjOAUHLqEJt9CCNhCQ8Ayv8GY9WS/Wu/Uxby1Zxcwh/IH1+QOE75KI</latexit>

�⇡

2
<latexit sha1_base64="Nh7TLHkIWAHD9QsOwjc+3htkUJM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUcPvlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBexGMug==</latexit>

0

<latexit sha1_base64="lseDt4kDxbJcyTmU+KzpFqpGMdo=">AAAB8HicbVBNSwMxEJ34WetX1aOXYBHqpeyKqMeiF48V7Ie0S8mm2TY0yS5JVihLf4UXD4p49ed489+YtnvQ1gcDj/dmmJkXJoIb63nfaGV1bX1js7BV3N7Z3dsvHRw2TZxqyho0FrFuh8QwwRVrWG4FayeaERkK1gpHt1O/9cS04bF6sOOEBZIMFI84JdZJj1lXS1whZ5NeqexVvRnwMvFzUoYc9V7pq9uPaSqZslQQYzq+l9ggI9pyKtik2E0NSwgdkQHrOKqIZCbIZgdP8KlT+jiKtStl8Uz9PZERacxYhq5TEjs0i95U/M/rpDa6DjKuktQyReeLolRgG+Pp97jPNaNWjB0hVHN3K6ZDogm1LqOiC8FffHmZNM+r/mXVv78o127yOApwDCdQAR+uoAZ3UIcGUJDwDK/whjR6Qe/oY966gvKZI/gD9PkD+pSP3w==</latexit>

(a)
<latexit sha1_base64="G0Tk01B3rGn50Z3CsZmXgCaNFQI=">AAAB8HicbVBNSwMxEJ34WetX1aOXYBHqpeyKqMeiF48V7Ie0S8mm2TY0yS5JVihLf4UXD4p49ed489+YtnvQ1gcDj/dmmJkXJoIb63nfaGV1bX1js7BV3N7Z3dsvHRw2TZxqyho0FrFuh8QwwRVrWG4FayeaERkK1gpHt1O/9cS04bF6sOOEBZIMFI84JdZJj1lXS1wJzya9UtmrejPgZeLnpAw56r3SV7cf01QyZakgxnR8L7FBRrTlVLBJsZsalhA6IgPWcVQRyUyQzQ6e4FOn9HEUa1fK4pn6eyIj0pixDF2nJHZoFr2p+J/XSW10HWRcJallis4XRanANsbT73Gfa0atGDtCqObuVkyHRBNqXUZFF4K/+PIyaZ5X/cuqf39Rrt3kcRTgGE6gAj5cQQ3uoA4NoCDhGV7hDWn0gt7Rx7x1BeUzR/AH6PMH/BqP4A==</latexit>

(b)

<latexit sha1_base64="0OWUPzxrxxp3bC7T2+vy4dyQCYs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbSbt0swm7G7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6H/WeeuWKW3VnIMvEy0kFctR75a9uP2ZphNIwQbXueG5i/Iwqw5nASambakwoG9EBdiyVNELtZ7NTJ+TEKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5Oa8MrPuExSg5LNF4WpICYm079JnytkRowtoUxxeythQ6ooMzadkg3BW3x5mTTPqt5F1bs7r9Su8ziKcATHcAoeXEINbqEODWAwgGd4hTdHOC/Ou/Mxby04+cwh/IHz+QNldo3g</latexit>

kx

<latexit sha1_base64="BeXjbugyvhOR8YmDNueDbRHXzVI=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBi2VXRD0WvXisYG2hXUo2zbahSTYkWaEs/QtePCji1T/kzX9jtt2Dtj4YeLw3w8y8SHFmrO9/e6WV1bX1jfJmZWt7Z3evun/waJJUE9oiCU90J8KGciZpyzLLaUdpikXEaTsa3+Z++4lqwxL5YCeKhgIPJYsZwTaXznqK9as1v+7PgJZJUJAaFGj2q1+9QUJSQaUlHBvTDXxlwwxrywin00ovNVRhMsZD2nVUYkFNmM1unaITpwxQnGhX0qKZ+nsiw8KYiYhcp8B2ZBa9XPzP66Y2vg4zJlVqqSTzRXHKkU1Q/jgaME2J5RNHMNHM3YrICGtMrIun4kIIFl9eJo/n9eCyHtxf1Bo3RRxlOIJjOIUArqABd9CEFhAYwTO8wpsnvBfv3fuYt5a8YuYQ/sD7/AG7WI4K</latexit>�⇡ <latexit sha1_base64="B6Ip2zTQ9A6DQluwhBc8PdIsfIg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Et4v1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vktZF1atVvfvLSv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOE8+K8Ox+L1oKTzxzDHzifP1G1jdM=</latexit>⇡
<latexit sha1_base64="p27K4n+tVZ3RAAu5qYSihWJD7xA=">AAAB9HicbVBNS8NAEJ31s9avqkcvi0XwVJIi6rHoxWMF+wFNKJvtpl262cTdTaGE/A4vHhTx6o/x5r9x2+agrQ8GHu/NMDMvSATXxnG+0dr6xubWdmmnvLu3f3BYOTpu6zhVlLVoLGLVDYhmgkvWMtwI1k0UI1EgWCcY3838zoQpzWP5aKYJ8yMylDzklBgr+V6oCM28hOdZPe9Xqk7NmQOvErcgVSjQ7Fe+vEFM04hJQwXRuuc6ifEzogynguVlL9UsIXRMhqxnqSQR0342PzrH51YZ4DBWtqTBc/X3REYiradRYDsjYkZ62ZuJ/3m91IQ3fsZlkhom6WJRmApsYjxLAA+4YtSIqSWEKm5vxXREbA7G5lS2IbjLL6+Sdr3mXtXch8tq47aIowSncAYX4MI1NOAemtACCk/wDK/whiboBb2jj0XrGipmTuAP0OcPGXaSUQ==</latexit>⇡

2

<latexit sha1_base64="u1ujxoitncud7NnHrUCtVdBvZCI=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBiyUpoh6LXjxWsB/QxLLZbtqlm03Y3Sgl5H948aCIV/+LN/+N2zQHbX0w8Hhvhpl5fsyZ0rb9bZVWVtfWN8qbla3tnd296v5BR0WJJLRNIh7Jno8V5UzQtmaa014sKQ59Trv+5Gbmdx+pVCwS93oaUy/EI8ECRrA20sOZG0hMUjdmWdrIBtWaXbdzoGXiFKQGBVqD6pc7jEgSUqEJx0r1HTvWXoqlZoTTrOImisaYTPCI9g0VOKTKS/OrM3RilCEKImlKaJSrvydSHCo1DX3TGWI9VoveTPzP6yc6uPJSJuJEU0Hmi4KEIx2hWQRoyCQlmk8NwUQycysiY2xy0CaoignBWXx5mXQadeei7tyd15rXRRxlOIJjOAUHLqEJt9CCNhCQ8Ayv8GY9WS/Wu/Uxby1Zxcwh/IH1+QOE75KI</latexit>

�⇡

2
<latexit sha1_base64="Nh7TLHkIWAHD9QsOwjc+3htkUJM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUcPvlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBexGMug==</latexit>

0

<latexit sha1_base64="af1zzSwlm8iDv9o6Wnq0wM28knA=">AAAB8HicbVBNSwMxEJ34WetX1aOXYBHqpeyKqMeiF48V7Ie0S8mm2TY0yS5JVihLf4UXD4p49ed489+YtnvQ1gcDj/dmmJkXJoIb63nfaGV1bX1js7BV3N7Z3dsvHRw2TZxqyho0FrFuh8QwwRVrWG4FayeaERkK1gpHt1O/9cS04bF6sOOEBZIMFI84JdZJj1lXS1yhZ5NeqexVvRnwMvFzUoYc9V7pq9uPaSqZslQQYzq+l9ggI9pyKtik2E0NSwgdkQHrOKqIZCbIZgdP8KlT+jiKtStl8Uz9PZERacxYhq5TEjs0i95U/M/rpDa6DjKuktQyReeLolRgG+Pp97jPNaNWjB0hVHN3K6ZDogm1LqOiC8FffHmZNM+r/mXVv78o127yOApwDCdQAR+uoAZ3UIcGUJDwDK/whjR6Qe/oY966gvKZI/gD9PkD/aCP4Q==</latexit>

(c)
<latexit sha1_base64="bRX9Cc1sMGH2m7SBrI8iBqKF8c8=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9OKxgv2QdinZbLYNTbJLkhXK0l/hxYMiXv053vw3pu0etPXBwOO9GWbmBQln2rjut1NYW9/Y3Cpul3Z29/YPyodHbR2nitAWiXmsugHWlDNJW4YZTruJolgEnHaC8e3M7zxRpVksH8wkob7AQ8kiRrCx0mPWVwJVw/PpoFxxa+4caJV4OalAjuag/NUPY5IKKg3hWOue5ybGz7AyjHA6LfVTTRNMxnhIe5ZKLKj2s/nBU3RmlRBFsbIlDZqrvycyLLSeiMB2CmxGetmbif95vdRE137GZJIaKsliUZRyZGI0+x6FTFFi+MQSTBSztyIywgoTYzMq2RC85ZdXSfui5l3WvPt6pXGTx1GEEziFKnhwBQ24gya0gICAZ3iFN0c5L86787FoLTj5zDH8gfP5A/8mj+I=</latexit>

(d)

<latexit sha1_base64="Nh7TLHkIWAHD9QsOwjc+3htkUJM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUcPvlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBexGMug==</latexit>

0

<latexit sha1_base64="tpcZ7KBjGnEABWA5FAKozwS5jds=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK1hbaUDbbTbt0swm7EyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmlldW19o7xZ2dre2d2r7h88mjjVjLdYLGPdCajhUijeQoGSdxLNaRRI3g7GN1O//cS1EbF6wCzhfkSHSoSCUbTSPfazfrXm1t0ZyDLxClKDAs1+9as3iFkacYVMUmO6npugn1ONgkk+qfRSwxPKxnTIu5YqGnHj57NTJ+TEKgMSxtqWQjJTf0/kNDImiwLbGVEcmUVvKv7ndVMMr/xcqCRFrth8UZhKgjGZ/k0GQnOGMrOEMi3srYSNqKYMbToVG4K3+PIyeTyrexd17+681rgu4ijDERzDKXhwCQ24hSa0gMEQnuEV3hzpvDjvzse8teQUM4fwB87nD3Swjeo=</latexit>

ty
<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1

<latexit sha1_base64="oQk0cCEnO4dq5KElPzmThRg7Eis=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEqseiF48V7Qe0oWy2m3bpZhN2J0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemEph0PO+ncLa+sbmVnG7tLO7t39QPjxqmiTTjDdYIhPdDqnhUijeQIGSt1PNaRxK3gpHtzO/9cS1EYl6xHHKg5gOlIgEo2ilB8+t9soVz/XmIKvEz0kFctR75a9uP2FZzBUySY3p+F6KwYRqFEzyaambGZ5SNqID3rFU0ZibYDI/dUrOrNInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo+tgIlSaIVdssSjKJMGEzP4mfaE5Qzm2hDIt7K2EDammDG06JRuCv/zyKmleuH7V9e8vK7WbPI4inMApnIMPV1CDO6hDAxgM4Ble4c2Rzovz7nwsWgtOPnMMf+B8/gBdCI0y</latexit>

0.6

<latexit sha1_base64="QFw4+4c0rJUH6eFpMx4QAiOQ4EU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0iKqMeiF48V7Qe0oWy2m3bpZhN2J0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemEph0PO+ncLa+sbmVnG7tLO7t39QPjxqmiTTjDdYIhPdDqnhUijeQIGSt1PNaRxK3gpHtzO/9cS1EYl6xHHKg5gOlIgEo2ilB8+t9soVz/XmIKvEz0kFctR75a9uP2FZzBUySY3p+F6KwYRqFEzyaambGZ5SNqID3rFU0ZibYDI/dUrOrNInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo+tgIlSaIVdssSjKJMGEzP4mfaE5Qzm2hDIt7K2EDammDG06JRuCv/zyKmlWXf/S9e8vKrWbPI4inMApnIMPV1CDO6hDAxgM4Ble4c2Rzovz7nwsWgtOPnMMf+B8/gBW+I0u</latexit>

0.2

<latexit sha1_base64="a/4FyPbW3VkXnpJg1/6+oi5Bpeg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikqMeiF48V7Qe0oWy2m3bpZhN2J0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemEph0PO+ncLa+sbmVnG7tLO7t39QPjxqmiTTjDdYIhPdDqnhUijeQIGSt1PNaRxK3gpHtzO/9cS1EYl6xHHKg5gOlIgEo2ilB8+t9soVz/XmIKvEz0kFctR75a9uP2FZzBUySY3p+F6KwYRqFEzyaambGZ5SNqID3rFU0ZibYDI/dUrOrNInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo+tgIlSaIVdssSjKJMGEzP4mfaE5Qzm2hDIt7K2EDammDG06JRuCv/zyKmleuP6l699XK7WbPI4inMApnIMPV1CDO6hDAxgM4Ble4c2Rzovz7nwsWgtOPnMMf+B8/gBaAI0w</latexit>

0.4

<latexit sha1_base64="4SeZ93X4OYiu7oobExOrp7vpZjs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEtMeiF48V7Qe0oWy2m3bpZhN2J0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemEph0PO+ncLa+sbmVnG7tLO7t39QPjxqmiTTjDdYIhPdDqnhUijeQIGSt1PNaRxK3gpHtzO/9cS1EYl6xHHKg5gOlIgEo2ilB8+t9soVz/XmIKvEz0kFctR75a9uP2FZzBUySY3p+F6KwYRqFEzyaambGZ5SNqID3rFU0ZibYDI/dUrOrNInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo2owESrNkCu2WBRlkmBCZn+TvtCcoRxbQpkW9lbChlRThjadkg3BX355lTQvXP/K9e8vK7WbPI4inMApnIMP11CDO6hDAxgM4Ble4c2Rzovz7nwsWgtOPnMMf+B8/gBgEI00</latexit>

0.8

<latexit sha1_base64="o47vUYeLhY9abwgl/JRmXj9KpYQ=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqBch6MVjRPOAZAmzk9lkyDyWmVkhLPkELx4U8eoXefNvnCR70MSChqKqm+6uKOHMWN//9gorq2vrG8XN0tb2zu5eef+gaVSqCW0QxZVuR9hQziRtWGY5bSeaYhFx2opGt1O/9US1YUo+2nFCQ4EHksWMYOukB3Ed9MoVv+rPgJZJkJMK5Kj3yl/dviKpoNISjo3pBH5iwwxrywink1I3NTTBZIQHtOOoxIKaMJudOkEnTumjWGlX0qKZ+nsiw8KYsYhcp8B2aBa9qfif10ltfBVmTCappZLMF8UpR1ah6d+ozzQllo8dwUQzdysiQ6wxsS6dkgshWHx5mTTPqsFFNbg/r9Ru8jiKcATHcAoBXEIN7qAODSAwgGd4hTePey/eu/cxby14+cwh/IH3+QPJLY15</latexit>

m = 1

<latexit sha1_base64="gg+Bkn7RnYX4BoCQllMUcLQ+tYg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btbhJ2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSNsGm4EdhKFVAYC28H4bua3n1BpHkcPZpKgL+kw4iFn1FipIfvlilt15yCrxMtJBXLU++Wv3iBmqcTIMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtjahE7WfzQ6fkzCoDEsbKVmTIXP09kVGp9UQGtlNSM9LL3kz8z+umJrzxMx4lqcGILRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwB14WM9w==</latexit>m

<latexit sha1_base64="QzGTFZIae7LQw7099LHU4CW4/Y8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0iKqMeiF48V7Qe0oWy2k3bpZhN2N0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemAqujed9O4W19Y3NreJ2aWd3b/+gfHjU1EmmGDZYIhLVDqlGwSU2DDcC26lCGocCW+Hodua3nlBpnshHM04xiOlA8ogzaqz04LvVXrniud4cZJX4OalAjnqv/NXtJyyLURomqNYd30tNMKHKcCZwWupmGlPKRnSAHUsljVEHk/mpU3JmlT6JEmVLGjJXf09MaKz1OA5tZ0zNUC97M/E/r5OZ6DqYcJlmBiVbLIoyQUxCZn+TPlfIjBhbQpni9lbChlRRZmw6JRuCv/zyKmlWXf/S9e8vKrWbPI4inMApnIMPV1CDO6hDAxgM4Ble4c0Rzovz7nwsWgtOPnMMf+B8/gBYfo0v</latexit>

1.2

<latexit sha1_base64="4SeZ93X4OYiu7oobExOrp7vpZjs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEtMeiF48V7Qe0oWy2m3bpZhN2J0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemEph0PO+ncLa+sbmVnG7tLO7t39QPjxqmiTTjDdYIhPdDqnhUijeQIGSt1PNaRxK3gpHtzO/9cS1EYl6xHHKg5gOlIgEo2ilB8+t9soVz/XmIKvEz0kFctR75a9uP2FZzBUySY3p+F6KwYRqFEzyaambGZ5SNqID3rFU0ZibYDI/dUrOrNInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo2owESrNkCu2WBRlkmBCZn+TvtCcoRxbQpkW9lbChlRThjadkg3BX355lTQvXP/K9e8vK7WbPI4inMApnIMP11CDO6hDAxgM4Ble4c2Rzovz7nwsWgtOPnMMf+B8/gBgEI00</latexit>

0.8

<latexit sha1_base64="4HUmaXf3W5O9MrLbLlTBy0cKSwk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikqMeiF48V7Qe0oWy2k3bpZhN2N0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemAqujed9O4W19Y3NreJ2aWd3b/+gfHjU1EmmGDZYIhLVDqlGwSU2DDcC26lCGocCW+Hodua3nlBpnshHM04xiOlA8ogzaqz04LvVXrniud4cZJX4OalAjnqv/NXtJyyLURomqNYd30tNMKHKcCZwWupmGlPKRnSAHUsljVEHk/mpU3JmlT6JEmVLGjJXf09MaKz1OA5tZ0zNUC97M/E/r5OZ6DqYcJlmBiVbLIoyQUxCZn+TPlfIjBhbQpni9lbChlRRZmw6JRuCv/zyKmleuP6l699XK7WbPI4inMApnIMPV1CDO6hDAxgM4Ble4c0Rzovz7nwsWgtOPnMMf+B8/gBbho0x</latexit>

1.4

<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1

<latexit sha1_base64="oQk0cCEnO4dq5KElPzmThRg7Eis=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEqseiF48V7Qe0oWy2m3bpZhN2J0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemEph0PO+ncLa+sbmVnG7tLO7t39QPjxqmiTTjDdYIhPdDqnhUijeQIGSt1PNaRxK3gpHtzO/9cS1EYl6xHHKg5gOlIgEo2ilB8+t9soVz/XmIKvEz0kFctR75a9uP2FZzBUySY3p+F6KwYRqFEzyaambGZ5SNqID3rFU0ZibYDI/dUrOrNInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo+tgIlSaIVdssSjKJMGEzP4mfaE5Qzm2hDIt7K2EDammDG06JRuCv/zyKmleuH7V9e8vK7WbPI4inMApnIMPV1CDO6hDAxgM4Ble4c2Rzovz7nwsWgtOPnMMf+B8/gBdCI0y</latexit>

0.6

<latexit sha1_base64="Q+jOXQE0YaW4ML442MT5attc1ME=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OKxgrGFNpTNdtMu3WzC7kQIpb/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMC1MpDLrut1NaWV1b3yhvVra2d3b3qvsHjybJNOM+S2Si2yE1XArFfRQoeTvVnMah5K1wdDv1W09cG5GoB8xTHsR0oEQkGEUr+djLr71etebW3RnIMvEKUoMCzV71q9tPWBZzhUxSYzqem2IwphoFk3xS6WaGp5SN6IB3LFU05iYYz46dkBOr9EmUaFsKyUz9PTGmsTF5HNrOmOLQLHpT8T+vk2F0FYyFSjPkis0XRZkkmJDp56QvNGcoc0so08LeStiQasrQ5lOxIXiLLy+Tx7O6d1H37s9rjZsijjIcwTGcggeX0IA7aIIPDAQ8wyu8Ocp5cd6dj3lrySlmDuEPnM8faB6ObA==</latexit>

ty = 1

<latexit sha1_base64="xBgNbKa7zoNCzMTOfMee3jUcmOc=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKthbaUDabTbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmlldW19o7xZ2dre2d2r7h+0TZJpxlsskYnuBNRwKRRvoUDJO6nmNA4kfwhGN1P/4YlrIxJ1j+OU+zEdKBEJRtFKnV7IJVIS96s1t+7OQJaJV5AaFGj2q1+9MGFZzBUySY3pem6Kfk41Cib5pNLLDE8pG9EB71qqaMyNn8/unZATq4QkSrQthWSm/p7IaWzMOA5sZ0xxaBa9qfif180wuvJzodIMuWLzRVEmCSZk+jwJheYM5dgSyrSwtxI2pJoytBFVbAje4svLpH1W9y7q3t15rXFdxFGGIziGU/DgEhpwC01oAQMJz/AKb86j8+K8Ox/z1pJTzBzCHzifP7gRj8M=</latexit> �m

<latexit sha1_base64="a/4FyPbW3VkXnpJg1/6+oi5Bpeg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikqMeiF48V7Qe0oWy2m3bpZhN2J0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemEph0PO+ncLa+sbmVnG7tLO7t39QPjxqmiTTjDdYIhPdDqnhUijeQIGSt1PNaRxK3gpHtzO/9cS1EYl6xHHKg5gOlIgEo2ilB8+t9soVz/XmIKvEz0kFctR75a9uP2FZzBUySY3p+F6KwYRqFEzyaambGZ5SNqID3rFU0ZibYDI/dUrOrNInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo+tgIlSaIVdssSjKJMGEzP4mfaE5Qzm2hDIt7K2EDammDG06JRuCv/zyKmleuP6l699XK7WbPI4inMApnIMPV1CDO6hDAxgM4Ble4c2Rzovz7nwsWgtOPnMMf+B8/gBaAI0w</latexit>

0.4

<latexit sha1_base64="HRAVjyBhomTzdWdfL75h+zDHX+k=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBiyGRoh6LXjxWsB/QhrLZbtqlu5uwuxFK6F/w4kERr/4hb/4bN20O2vpg4PHeDDPzwoQzbTzv2ymtrW9sbpW3Kzu7e/sH1cOjto5TRWiLxDxW3RBrypmkLcMMp91EUSxCTjvh5C73O09UaRbLRzNNaCDwSLKIEWxy6cJz64NqzXO9OdAq8QtSgwLNQfWrP4xJKqg0hGOte76XmCDDyjDC6azSTzVNMJngEe1ZKrGgOsjmt87QmVWGKIqVLWnQXP09kWGh9VSEtlNgM9bLXi7+5/VSE90EGZNJaqgki0VRypGJUf44GjJFieFTSzBRzN6KyBgrTIyNp2JD8JdfXiXtS9e/cv2Heq1xW8RRhhM4hXPw4RoacA9NaAGBMTzDK7w5wnlx3p2PRWvJKWaO4Q+czx/Do41n</latexit>�0.4

FIG. 2. Entanglement temperature and mass renormalization
in the QWZ model: (a) and (b) panels show the dependence
of mass renormalization �m on momentum kx for di↵erent
values of m and ty, respectively. As discussed in the text,
�m identically vanishes at the gap closing point when m = 1
and kx = 0. (c) and (d) panels show variation of e↵ective
temperature with momentum.

The ESH determining the thermal state is given by
Eq. (12) which has the form of H2D with vanishing trans-
verse hopping ty = 0 and renormalized mass m+�m(kx).
We show the dependence of mass renormalization term
�m on momentum for di↵erent values of m and ty in
Figs. 2(a) and (b), respectively. The mass renormaliza-
tion vanishes identically when m = 1 and kx = 0, which
implies that the gap-closing point of ESH at m = 1 is not
a↵ected by �m. This behavior is not limited to the sim-
ple model with just nearest-neighbor hopping as shown
in Appendix A. We also see that �m is suppressed by
decreasing the lateral hopping and vanishes when ty ! 0
as expected.

The result (11) can be recast into a manifestly thermal
form as

C(kx) =
1

2

X

⌘=±1

⇣
+ ⌘

d1D

|d1D| · �
⌘
nF (⌘|d1D|),

where the temperature is obtained from Eq. (10) as

T (kx) =
|d1D|

2 arctanh(|d1D|F)
.

This temperature is plotted in Fig. 2(c) for various values
of mass m and in 2(d) for di↵erent values of transverse
hopping ty (T , m and ty are expressed in the units of tx).
As seen in Fig. 2(d), the scale of the temperature is set
by transverse hopping ty as expected. The temperature
has a weak dependence on momentum, especially around
m ⇠ 1 which corresponds to the gap closing of the e↵ec-
tive 1D model (12). It is striking that, starting from a
gapped 2D system in the ground state, the reduced den-
sity matrix of a 1D subsystem for m = 1 matches that of
a gapless system at high temperature!

<latexit sha1_base64="lseDt4kDxbJcyTmU+KzpFqpGMdo=">AAAB8HicbVBNSwMxEJ34WetX1aOXYBHqpeyKqMeiF48V7Ie0S8mm2TY0yS5JVihLf4UXD4p49ed489+YtnvQ1gcDj/dmmJkXJoIb63nfaGV1bX1js7BV3N7Z3dsvHRw2TZxqyho0FrFuh8QwwRVrWG4FayeaERkK1gpHt1O/9cS04bF6sOOEBZIMFI84JdZJj1lXS1whZ5NeqexVvRnwMvFzUoYc9V7pq9uPaSqZslQQYzq+l9ggI9pyKtik2E0NSwgdkQHrOKqIZCbIZgdP8KlT+jiKtStl8Uz9PZERacxYhq5TEjs0i95U/M/rpDa6DjKuktQyReeLolRgG+Pp97jPNaNWjB0hVHN3K6ZDogm1LqOiC8FffHmZNM+r/mXVv78o127yOApwDCdQAR+uoAZ3UIcGUJDwDK/whjR6Qe/oY966gvKZI/gD9PkD+pSP3w==</latexit>

(a)

<latexit sha1_base64="G0Tk01B3rGn50Z3CsZmXgCaNFQI=">AAAB8HicbVBNSwMxEJ34WetX1aOXYBHqpeyKqMeiF48V7Ie0S8mm2TY0yS5JVihLf4UXD4p49ed489+YtnvQ1gcDj/dmmJkXJoIb63nfaGV1bX1js7BV3N7Z3dsvHRw2TZxqyho0FrFuh8QwwRVrWG4FayeaERkK1gpHt1O/9cS04bF6sOOEBZIMFI84JdZJj1lXS1wJzya9UtmrejPgZeLnpAw56r3SV7cf01QyZakgxnR8L7FBRrTlVLBJsZsalhA6IgPWcVQRyUyQzQ6e4FOn9HEUa1fK4pn6eyIj0pixDF2nJHZoFr2p+J/XSW10HWRcJallis4XRanANsbT73Gfa0atGDtCqObuVkyHRBNqXUZFF4K/+PIyaZ5X/cuqf39Rrt3kcRTgGE6gAj5cQQ3uoA4NoCDhGV7hDWn0gt7Rx7x1BeUzR/AH6PMH/BqP4A==</latexit>

(b)

<latexit sha1_base64="PBY966hDOsEIvQ2gLkwz3z6K9rQ=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyURUY9FLx6r2A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7dRvPaHSPJaPZpygH9GB5CFn1Fjp4czrlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzS6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCaz/jMkkNSjZfFKaCmJhM3yZ9rpAZMbaEMsXtrYQNqaLM2HBKNgRv8eVl0jyvepdV7/6iUrvJ4yjCERzDKXhwBTW4gzo0gEEIz/AKb87IeXHenY95a8HJZw7hD5zPH+XajPI=</latexit>�1
<latexit sha1_base64="hdFrA3ozaT+abVFBHqgEpT0Hmg4=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSRF1GPRi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8pAzaqz0cF7tlcpuxZ2BLBMvJ2XIUe+Vvrr9mKURSsME1brjuYnxM6oMZwInxW6qMaFsRAfYsVTSCLWfzS6dkFOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCaz/jMkkNSjZfFKaCmJhM3yZ9rpAZMbaEMsXtrYQNqaLM2HCKNgRv8eVl0qxWvMuKd39Rrt3kcRTgGE7gDDy4ghrcQR0awCCEZ3iFN2fkvDjvzse8dcXJZ47gD5zPH+dejPM=</latexit>�2

<latexit sha1_base64="nIUqBHSTIPd3xKKTSocXTsZ0kQE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqte86JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfhmMvA==</latexit>

2
<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1
<latexit sha1_base64="Nh7TLHkIWAHD9QsOwjc+3htkUJM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUcPvlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBexGMug==</latexit>

0
<latexit sha1_base64="Jz6A/dEiQKA7BGFLg7RtpqPW9OE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeiyK4LEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfzsrq2vrGZmGruL2zu7dfOjhs6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WDGSfoR3QgecgZNVaq3/VKZbfizkCWiZeTMuSo9Upf3X7M0gilYYJq3fHcxPgZVYYzgZNiN9WYUDaiA+xYKmmE2s9mh07IqVX6JIyVLWnITP09kdFI63EU2M6ImqFe9Kbif14nNeG1n3GZpAYlmy8KU0FMTKZfkz5XyIwYW0KZ4vZWwoZUUWZsNkUbgrf48jJpnle8y4pXvyhXb/I4CnAMJ3AGHlxBFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MHmuWMzw==</latexit>

E

<latexit sha1_base64="H9CYWSaXNGM3FPpEAtfXu723HJs=">AAAB8XicbVBNSwMxEJ31s9avqkcvwSJUkLIroh6LonisYD+wXUo2zbah2WRJsmJZ+i+8eFDEq//Gm//GtN2Dtj4YeLw3w8y8IOZMG9f9dhYWl5ZXVnNr+fWNza3tws5uXctEEVojkkvVDLCmnAlaM8xw2owVxVHAaSMYXI39xiNVmklxb4Yx9SPcEyxkBBsrPbSf2LHo3JSujzqFolt2J0DzxMtIETJUO4WvdleSJKLCEI61bnlubPwUK8MIp6N8O9E0xmSAe7RlqcAR1X46uXiEDq3SRaFUtoRBE/X3RIojrYdRYDsjbPp61huL/3mtxIQXfspEnBgqyHRRmHBkJBq/j7pMUWL40BJMFLO3ItLHChNjQ8rbELzZl+dJ/aTsnZW9u9Ni5TKLIwf7cAAl8OAcKnALVagBAQHP8ApvjnZenHfnY9q64GQze/AHzucPNiuP9g==</latexit> ⇠,
n
F
(E

)

<latexit sha1_base64="Nh7TLHkIWAHD9QsOwjc+3htkUJM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUcPvlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBexGMug==</latexit>

0

<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1

<latexit sha1_base64="eid+WhwnNM+BfbyO6/kCk5IeV3o=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgadkVX8egF48RzQOSJcxOOsmQ2dllZlYISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrTATXxvO+ncLK6tr6RnGztLW9s7tX3j9o6DhVDOssFrFqhVSj4BLrhhuBrUQhjUKBzXB0O/WbT6g0j+WjGScYRHQgeZ8zaqz04LkX3XLFc70ZyDLxc1KBHLVu+avTi1kaoTRMUK3bvpeYIKPKcCZwUuqkGhPKRnSAbUsljVAH2ezUCTmxSo/0Y2VLGjJTf09kNNJ6HIW2M6JmqBe9qfif105N/zrIuExSg5LNF/VTQUxMpn+THlfIjBhbQpni9lbChlRRZmw6JRuCv/jyMmmcuf6l69+fV6o3eRxFOIJjOAUfrqAKd1CDOjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AFbhI0x</latexit>

0.5
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FIG. 3. Thermal population of the 1D subsystem in the
QWZ model: (a) Correlation matrix spectra for 1D subsys-
tem (shown by circles/squares) and thermal system (shown
by lines) for m = 1 and two di↵erent values of lateral hop-
ping. (b) Similar results for m = 1.4. In both panels, the
thermal correlation spectrum is given by the Fermi-Dirac dis-
tribution nF (E) at temperatures T = 0.5 (for ty = 1), T = 0.1
(for ty = 0.2), and plotted as a function of the ESH energy
E = ±|d1D(kx)| .

Thermalization is further confirmed in Fig. 3, which
shows comparison between the exact correlation matrix
eigenvalues (denoted by ⇠) and the corresponding ther-
mal model with constant temperature. The correlation
matrix eigenvalues provide the occupation probabilities
of the subsystem states and are given by the Fermi-Dirac
distribution at finite temperature. As seen in Fig. 3(a),
the constant temperature Fermi-Dirac distribution essen-
tially reproduces the exact results. Furthermore, near
m = 1 the vacuum entanglement conspires to make the
1D subsystem of the 2D insulator to appear as a hot
1D metal. This is not a coincidence, and in Sec. III we
explore the pattern how gapless thermal reduced density
matrices systematically arise fromD-dimensional gapped
Dirac fermions. Away from |m| = 1, the ESH (12) is
gapped, as indicated by the correlation matrix spectrum
in Fig. 3(b). In Sec. IV we discuss how the entanglement-
induced thermal state and the gapless subsystems can
be observed through experimentally measurable fluctua-
tions.

C. Example II: Dirac models with linear dispersion

We now show that the entanglement-temperature map-
ping of lower-dimensional subsystems becomes simple for
continuum Dirac models with linear dispersion in ar-
bitrary spatial dimensions. For simplicity, we consider
the two-dimensional case but generalization to higher di-
mensions is straightforward. Let’s consider Hamiltonian
H2D = d2D(k)·� with d2D(k) = (kx, ky,m) representing

(Temperature)

1D subsystem:

Correla9on matrix spectra & par9cle number variances of finite 
1D subsystems of a 2D Chern model, and a corresponding 
genuinely thermal 1D system. 

The fluctua9on of par9cle number (or other conserved 
extensive quan99es in other models) provides an experimental 
route to jus9fy the thermal-like proper9es of the lower-
dimensional subsystem.
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can be represented as a massive two-band Dirac Hamilto-
nian (1) and is directly relevant for our discussion. More-
over, the QWZ model studied in II B has already been re-
alized in bosonic systems [44, 45]. Thus, two-band Dirac
systems are suitable candidates for experimental studies.

The entanglement-induced thermalization in these sys-
tems could be observed through the thermal fluctuations
in the lower dimensional subsystems. We have seen that
the resulting entanglement temperature is enormous as
it scales with the lateral hopping term and can be much
larger than the real temperature in the experiment. As
long as the real temperature is low compared to the hop-
ping amplitudes, it has little e↵ect on the outcome of the
experiment. Moreover, the e↵ective entanglement tem-
perature can be easily controlled by varying the hopping
amplitude out of the subsystem. Fluctuations of the sub-
system observables match those of thermal systems at
corresponding temperature, thus providing a feasible ex-
perimental signature to probe the entanglement-induced
thermalization.

We illustrate the above recipe by studying the be-
havior of particle fluctuations in a 1D subsystem of
the QWZ model studied in Subsec. II B. The subsys-
tem particle number operator is defined as N̂ =

P
i
ĉ
†
i
ĉi,

where the summation is restricted to a chain in x direc-
tion embedded in the 2D lattice. The subsystem parti-
cle number fluctuations are quantified by their variance
�N

2 = hN̂2i � hN̂i2. We consider two di↵erent values
for the lateral hopping ty/tx = 1 and ty/tx = 0.5, which
translate to di↵erent e↵ective temperatures. The corre-
sponding correlation matrix spectra (or population prob-
abilities) of the 1D subsystem are shown in Fig. 5(a),(b).
As seen in Figs. 5(c) and (d), the comparison of the par-
ticle fluctuations as a function of the mass parameter in
the subsystem with that of the associated 1D system at a
constant temperature shows excellent agreement. When
the e↵ective temperature is reduced by decreasing the lat-
eral hopping to ty/tx = 0.5, the gap closing points of the
ESH (and the correlation spectrum) at m = ±1 become
clearly visible through enhanced fluctuations signaled by
the two peaks. The positions of these peaks, obscured
by high e↵ective temperature at ty/tx = 1, do not coin-
cide with the 2D gap closing points (|m| = 2, m = 0)
but provide a smoking gun signature of our prediction
that a 1D subsystem in the gapped 2D subsystem at
zero temperature can appear as a hot gapless subsystem.
Moreover, as pointed out in Ref. [46], the fluctuations
of conserved quantities essentially measure entanglement
entropy. Thus, the agreement between the fluctuations
implies that the entanglement entropy of the 1D sub-
system corresponds to the thermodynamic entropy of a
genuine 1D system at a constant temperature.

Importantly, the qualitative behavior of the fluctua-
tions is preserved even at small system sizes accessible
in current experiments. This is illustrated in Figs. 5(e)
and (f), where we show �N

2 for a subsystem of length
5 embedded in 5 ⇥ 10 array. Manipulating comparable
lattice sizes are within reach of the current experimen-

1

2

3

4

5

FIG. 5. Correlation matrix spectra and particle number vari-
ances of finite 1D subsystems of a 2D QWZ model, with dif-
ferent orthogonal hoppings corresponding to di↵erent e↵ective
temperatures in the mapping to 1D systems. The red curve in
the bottom figures also show the fluctuations obtained by use
of Eq. (11), but with a constant temperature simply equal to
the mean over k of the temperature given by Eq. (10) (with
the k-dependent T (k), the fluctuations would match exactly).
(a) and (c): All hoppings of equal magnitude. (b) and (d):
Orthogonal hoppings half the magnitude of hoppings parallel
to the chain, corresponding to a lower e↵ective temperature.
(e) Particle number variance of a subsystem of length 5 in a
total system of size 5 ⇥ 10 with open boundary conditions.
Inset: schematic illustration of the system. (f) Same, but
with y-directional hoppings half the magnitude of the ones in
x direction.

tal techniques [47–49]. Moreover, a site-resolved mea-
surement of particle number statistics, similar to what is
needed in our proposal, has already been demonstrated
in Ref. [37, 38]. Thus, the thermal state arising from
ground-state entanglement could be observed by realiz-
ing a two-band Dirac insulator and carrying out a site-
resolved particle number measurement, both of which
have been previously demonstrated in cold-atom experi-
ments.
Finally, we emphasize the sharp distinction between

our experimental proposal and a number of recent works
with superficial similarities. First, the recent experiments
simulating some aspects of the Hawking and Unruh ef-
fect [50–52], unlike in our proposal, apply time-dependent
driving to stimulate a thermal-like radiation in systems
that are not described by a static thermal density ma-
trix. In this sense, they do not constitute a demonstra-
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<latexit sha1_base64="194XkA5ltBf1hkbfQnLuSnG+6yY=">AAAB7nicbVDJSgNBEK2JW4xb1KOXxiB4GmbE7SIEvXiMYBZIhtDT6Uma9Cx01wjDkI/w4kERr36PN//GTjIHTXxQ8Hiviqp6fiKFRsf5tkorq2vrG+XNytb2zu5edf+gpeNUMd5ksYxVx6eaSxHxJgqUvJMoTkNf8rY/vpv67SeutIijR8wS7oV0GIlAMIpGamM/u3Hsi3615tjODGSZuAWpQYFGv/rVG8QsDXmETFKtu66ToJdThYJJPqn0Us0TysZ0yLuGRjTk2stn507IiVEGJIiVqQjJTP09kdNQ6yz0TWdIcaQXvan4n9dNMbj2chElKfKIzRcFqSQYk+nvZCAUZygzQyhTwtxK2IgqytAkVDEhuIsvL5PWme1e2u7Dea1+W8RRhiM4hlNw4QrqcA8NaAKDMTzDK7xZifVivVsf89aSVcwcwh9Ynz9KL47i</latexit>

ty = 0.5
<latexit sha1_base64="Q+jOXQE0YaW4ML442MT5attc1ME=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OKxgrGFNpTNdtMu3WzC7kQIpb/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMC1MpDLrut1NaWV1b3yhvVra2d3b3qvsHjybJNOM+S2Si2yE1XArFfRQoeTvVnMah5K1wdDv1W09cG5GoB8xTHsR0oEQkGEUr+djLr71etebW3RnIMvEKUoMCzV71q9tPWBZzhUxSYzqem2IwphoFk3xS6WaGp5SN6IB3LFU05iYYz46dkBOr9EmUaFsKyUz9PTGmsTF5HNrOmOLQLHpT8T+vk2F0FYyFSjPkis0XRZkkmJDp56QvNGcoc0so08LeStiQasrQ5lOxIXiLLy+Tx7O6d1H37s9rjZsijjIcwTGcggeX0IA7aIIPDAQ8wyu8Ocp5cd6dj3lrySlmDuEPnM8faB6ObA==</latexit>

ty = 1

4

<latexit sha1_base64="fqw/p9l/GfO4ntxK/UptlYNyQ58=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeix68dhCv6ANZbOdtGs3m7C7EUroL/DiQRGv/iRv/hu3bQ7a+mDg8d4MM/OCRHBtXPfbWVvf2NzaLuwUd/f2Dw5LR8ctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYzvZ377CZXmsWyYSYJ+RIeSh5xRY6V6o18quxV3DrJKvJyUIUetX/rqDWKWRigNE1Trrucmxs+oMpwJnBZ7qcaEsjEdYtdSSSPUfjY/dErOrTIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCW/9jMskNSjZYlGYCmJiMvuaDLhCZsTEEsoUt7cSNqKKMmOzKdoQvOWXV0nrsuJdV7z6Vbl6l8dRgFM4gwvw4Aaq8AA1aAIDhGd4hTfn0Xlx3p2PReuak8+cwB84nz+xoYze</latexit> T

<latexit sha1_base64="gg+Bkn7RnYX4BoCQllMUcLQ+tYg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btbhJ2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSNsGm4EdhKFVAYC28H4bua3n1BpHkcPZpKgL+kw4iFn1FipIfvlilt15yCrxMtJBXLU++Wv3iBmqcTIMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtjahE7WfzQ6fkzCoDEsbKVmTIXP09kVGp9UQGtlNSM9LL3kz8z+umJrzxMx4lqcGILRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwB14WM9w==</latexit>m

<latexit sha1_base64="QzGTFZIae7LQw7099LHU4CW4/Y8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0iKqMeiF48V7Qe0oWy2k3bpZhN2N0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemAqujed9O4W19Y3NreJ2aWd3b/+gfHjU1EmmGDZYIhLVDqlGwSU2DDcC26lCGocCW+Hodua3nlBpnshHM04xiOlA8ogzaqz04LvVXrniud4cZJX4OalAjnqv/NXtJyyLURomqNYd30tNMKHKcCZwWupmGlPKRnSAHUsljVEHk/mpU3JmlT6JEmVLGjJXf09MaKz1OA5tZ0zNUC97M/E/r5OZ6DqYcJlmBiVbLIoyQUxCZn+TPlfIjBhbQpni9lbChlRRZmw6JRuCv/zyKmlWXf/S9e8vKrWbPI4inMApnIMPV1CDO6hDAxgM4Ble4c0Rzovz7nwsWgtOPnMMf+B8/gBYfo0v</latexit>

1.2

<latexit sha1_base64="4SeZ93X4OYiu7oobExOrp7vpZjs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEtMeiF48V7Qe0oWy2m3bpZhN2J0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemEph0PO+ncLa+sbmVnG7tLO7t39QPjxqmiTTjDdYIhPdDqnhUijeQIGSt1PNaRxK3gpHtzO/9cS1EYl6xHHKg5gOlIgEo2ilB8+t9soVz/XmIKvEz0kFctR75a9uP2FZzBUySY3p+F6KwYRqFEzyaambGZ5SNqID3rFU0ZibYDI/dUrOrNInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo2owESrNkCu2WBRlkmBCZn+TvtCcoRxbQpkW9lbChlRThjadkg3BX355lTQvXP/K9e8vK7WbPI4inMApnIMP11CDO6hDAxgM4Ble4c2Rzovz7nwsWgtOPnMMf+B8/gBgEI00</latexit>

0.8

<latexit sha1_base64="4HUmaXf3W5O9MrLbLlTBy0cKSwk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikqMeiF48V7Qe0oWy2k3bpZhN2N0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemAqujed9O4W19Y3NreJ2aWd3b/+gfHjU1EmmGDZYIhLVDqlGwSU2DDcC26lCGocCW+Hodua3nlBpnshHM04xiOlA8ogzaqz04LvVXrniud4cZJX4OalAjnqv/NXtJyyLURomqNYd30tNMKHKcCZwWupmGlPKRnSAHUsljVEHk/mpU3JmlT6JEmVLGjJXf09MaKz1OA5tZ0zNUC97M/E/r5OZ6DqYcJlmBiVbLIoyQUxCZn+TPlfIjBhbQpni9lbChlRRZmw6JRuCv/zyKmleuP6l699XK7WbPI4inMApnIMPV1CDO6hDAxgM4Ble4c0Rzovz7nwsWgtOPnMMf+B8/gBbho0x</latexit>

1.4

<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1

<latexit sha1_base64="oQk0cCEnO4dq5KElPzmThRg7Eis=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEqseiF48V7Qe0oWy2m3bpZhN2J0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemEph0PO+ncLa+sbmVnG7tLO7t39QPjxqmiTTjDdYIhPdDqnhUijeQIGSt1PNaRxK3gpHtzO/9cS1EYl6xHHKg5gOlIgEo2ilB8+t9soVz/XmIKvEz0kFctR75a9uP2FZzBUySY3p+F6KwYRqFEzyaambGZ5SNqID3rFU0ZibYDI/dUrOrNInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo+tgIlSaIVdssSjKJMGEzP4mfaE5Qzm2hDIt7K2EDammDG06JRuCv/zyKmleuH7V9e8vK7WbPI4inMApnIMPV1CDO6hDAxgM4Ble4c2Rzovz7nwsWgtOPnMMf+B8/gBdCI0y</latexit>

0.6

<latexit sha1_base64="tpcZ7KBjGnEABWA5FAKozwS5jds=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK1hbaUDbbTbt0swm7EyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmlldW19o7xZ2dre2d2r7h88mjjVjLdYLGPdCajhUijeQoGSdxLNaRRI3g7GN1O//cS1EbF6wCzhfkSHSoSCUbTSPfazfrXm1t0ZyDLxClKDAs1+9as3iFkacYVMUmO6npugn1ONgkk+qfRSwxPKxnTIu5YqGnHj57NTJ+TEKgMSxtqWQjJTf0/kNDImiwLbGVEcmUVvKv7ndVMMr/xcqCRFrth8UZhKgjGZ/k0GQnOGMrOEMi3srYSNqKYMbToVG4K3+PIyeTyrexd17+681rgu4ijDERzDKXhwCQ24hSa0gMEQnuEV3hzpvDjvzse8teQUM4fwB87nD3Swjeo=</latexit>

ty
<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1

<latexit sha1_base64="oQk0cCEnO4dq5KElPzmThRg7Eis=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEqseiF48V7Qe0oWy2m3bpZhN2J0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemEph0PO+ncLa+sbmVnG7tLO7t39QPjxqmiTTjDdYIhPdDqnhUijeQIGSt1PNaRxK3gpHtzO/9cS1EYl6xHHKg5gOlIgEo2ilB8+t9soVz/XmIKvEz0kFctR75a9uP2FZzBUySY3p+F6KwYRqFEzyaambGZ5SNqID3rFU0ZibYDI/dUrOrNInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo+tgIlSaIVdssSjKJMGEzP4mfaE5Qzm2hDIt7K2EDammDG06JRuCv/zyKmleuH7V9e8vK7WbPI4inMApnIMPV1CDO6hDAxgM4Ble4c2Rzovz7nwsWgtOPnMMf+B8/gBdCI0y</latexit>

0.6

<latexit sha1_base64="QFw4+4c0rJUH6eFpMx4QAiOQ4EU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0iKqMeiF48V7Qe0oWy2m3bpZhN2J0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemEph0PO+ncLa+sbmVnG7tLO7t39QPjxqmiTTjDdYIhPdDqnhUijeQIGSt1PNaRxK3gpHtzO/9cS1EYl6xHHKg5gOlIgEo2ilB8+t9soVz/XmIKvEz0kFctR75a9uP2FZzBUySY3p+F6KwYRqFEzyaambGZ5SNqID3rFU0ZibYDI/dUrOrNInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo+tgIlSaIVdssSjKJMGEzP4mfaE5Qzm2hDIt7K2EDammDG06JRuCv/zyKmlWXf/S9e8vKrWbPI4inMApnIMPV1CDO6hDAxgM4Ble4c2Rzovz7nwsWgtOPnMMf+B8/gBW+I0u</latexit>

0.2

<latexit sha1_base64="a/4FyPbW3VkXnpJg1/6+oi5Bpeg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikqMeiF48V7Qe0oWy2m3bpZhN2J0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemEph0PO+ncLa+sbmVnG7tLO7t39QPjxqmiTTjDdYIhPdDqnhUijeQIGSt1PNaRxK3gpHtzO/9cS1EYl6xHHKg5gOlIgEo2ilB8+t9soVz/XmIKvEz0kFctR75a9uP2FZzBUySY3p+F6KwYRqFEzyaambGZ5SNqID3rFU0ZibYDI/dUrOrNInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo+tgIlSaIVdssSjKJMGEzP4mfaE5Qzm2hDIt7K2EDammDG06JRuCv/zyKmleuP6l699XK7WbPI4inMApnIMPV1CDO6hDAxgM4Ble4c2Rzovz7nwsWgtOPnMMf+B8/gBaAI0w</latexit>

0.4

<latexit sha1_base64="4SeZ93X4OYiu7oobExOrp7vpZjs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEtMeiF48V7Qe0oWy2m3bpZhN2J0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemEph0PO+ncLa+sbmVnG7tLO7t39QPjxqmiTTjDdYIhPdDqnhUijeQIGSt1PNaRxK3gpHtzO/9cS1EYl6xHHKg5gOlIgEo2ilB8+t9soVz/XmIKvEz0kFctR75a9uP2FZzBUySY3p+F6KwYRqFEzyaambGZ5SNqID3rFU0ZibYDI/dUrOrNInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo2owESrNkCu2WBRlkmBCZn+TvtCcoRxbQpkW9lbChlRThjadkg3BX355lTQvXP/K9e8vK7WbPI4inMApnIMP11CDO6hDAxgM4Ble4c2Rzovz7nwsWgtOPnMMf+B8/gBgEI00</latexit>

0.8

<latexit sha1_base64="o47vUYeLhY9abwgl/JRmXj9KpYQ=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqBch6MVjRPOAZAmzk9lkyDyWmVkhLPkELx4U8eoXefNvnCR70MSChqKqm+6uKOHMWN//9gorq2vrG8XN0tb2zu5eef+gaVSqCW0QxZVuR9hQziRtWGY5bSeaYhFx2opGt1O/9US1YUo+2nFCQ4EHksWMYOukB3Ed9MoVv+rPgJZJkJMK5Kj3yl/dviKpoNISjo3pBH5iwwxrywink1I3NTTBZIQHtOOoxIKaMJudOkEnTumjWGlX0qKZ+nsiw8KYsYhcp8B2aBa9qfif10ltfBVmTCappZLMF8UpR1ah6d+ozzQllo8dwUQzdysiQ6wxsS6dkgshWHx5mTTPqsFFNbg/r9Ru8jiKcATHcAoBXEIN7qAODSAwgGd4hTePey/eu/cxby14+cwh/IH3+QPJLY15</latexit>

m = 1
<latexit sha1_base64="Q+jOXQE0YaW4ML442MT5attc1ME=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OKxgrGFNpTNdtMu3WzC7kQIpb/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMC1MpDLrut1NaWV1b3yhvVra2d3b3qvsHjybJNOM+S2Si2yE1XArFfRQoeTvVnMah5K1wdDv1W09cG5GoB8xTHsR0oEQkGEUr+djLr71etebW3RnIMvEKUoMCzV71q9tPWBZzhUxSYzqem2IwphoFk3xS6WaGp5SN6IB3LFU05iYYz46dkBOr9EmUaFsKyUz9PTGmsTF5HNrOmOLQLHpT8T+vk2F0FYyFSjPkis0XRZkkmJDp56QvNGcoc0so08LeStiQasrQ5lOxIXiLLy+Tx7O6d1H37s9rjZsijjIcwTGcggeX0IA7aIIPDAQ8wyu8Ocp5cd6dj3lrySlmDuEPnM8faB6ObA==</latexit>

ty = 1

<latexit sha1_base64="oQk0cCEnO4dq5KElPzmThRg7Eis=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEqseiF48V7Qe0oWy2m3bpZhN2J0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemEph0PO+ncLa+sbmVnG7tLO7t39QPjxqmiTTjDdYIhPdDqnhUijeQIGSt1PNaRxK3gpHtzO/9cS1EYl6xHHKg5gOlIgEo2ilB8+t9soVz/XmIKvEz0kFctR75a9uP2FZzBUySY3p+F6KwYRqFEzyaambGZ5SNqID3rFU0ZibYDI/dUrOrNInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo+tgIlSaIVdssSjKJMGEzP4mfaE5Qzm2hDIt7K2EDammDG06JRuCv/zyKmleuH7V9e8vK7WbPI4inMApnIMPV1CDO6hDAxgM4Ble4c2Rzovz7nwsWgtOPnMMf+B8/gBdCI0y</latexit>

0.6

<latexit sha1_base64="a/4FyPbW3VkXnpJg1/6+oi5Bpeg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikqMeiF48V7Qe0oWy2m3bpZhN2J0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemEph0PO+ncLa+sbmVnG7tLO7t39QPjxqmiTTjDdYIhPdDqnhUijeQIGSt1PNaRxK3gpHtzO/9cS1EYl6xHHKg5gOlIgEo2ilB8+t9soVz/XmIKvEz0kFctR75a9uP2FZzBUySY3p+F6KwYRqFEzyaambGZ5SNqID3rFU0ZibYDI/dUrOrNInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo+tgIlSaIVdssSjKJMGEzP4mfaE5Qzm2hDIt7K2EDammDG06JRuCv/zyKmleuP6l699XK7WbPI4inMApnIMPV1CDO6hDAxgM4Ble4c2Rzovz7nwsWgtOPnMMf+B8/gBaAI0w</latexit>

0.4

<latexit sha1_base64="QFw4+4c0rJUH6eFpMx4QAiOQ4EU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0iKqMeiF48V7Qe0oWy2m3bpZhN2J0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemEph0PO+ncLa+sbmVnG7tLO7t39QPjxqmiTTjDdYIhPdDqnhUijeQIGSt1PNaRxK3gpHtzO/9cS1EYl6xHHKg5gOlIgEo2ilB8+t9soVz/XmIKvEz0kFctR75a9uP2FZzBUySY3p+F6KwYRqFEzyaambGZ5SNqID3rFU0ZibYDI/dUrOrNInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo+tgIlSaIVdssSjKJMGEzP4mfaE5Qzm2hDIt7K2EDammDG06JRuCv/zyKmlWXf/S9e8vKrWbPI4inMApnIMPV1CDO6hDAxgM4Ble4c2Rzovz7nwsWgtOPnMMf+B8/gBW+I0u</latexit>

0.2

<latexit sha1_base64="Nh7TLHkIWAHD9QsOwjc+3htkUJM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUcPvlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBexGMug==</latexit>

0

<latexit sha1_base64="0OWUPzxrxxp3bC7T2+vy4dyQCYs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbSbt0swm7G7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6H/WeeuWKW3VnIMvEy0kFctR75a9uP2ZphNIwQbXueG5i/Iwqw5nASambakwoG9EBdiyVNELtZ7NTJ+TEKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5Oa8MrPuExSg5LNF4WpICYm079JnytkRowtoUxxeythQ6ooMzadkg3BW3x5mTTPqt5F1bs7r9Su8ziKcATHcAoeXEINbqEODWAwgGd4hTdHOC/Ou/Mxby04+cwh/IHz+QNldo3g</latexit>

kx

<latexit sha1_base64="BeXjbugyvhOR8YmDNueDbRHXzVI=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBi2VXRD0WvXisYG2hXUo2zbahSTYkWaEs/QtePCji1T/kzX9jtt2Dtj4YeLw3w8y8SHFmrO9/e6WV1bX1jfJmZWt7Z3evun/waJJUE9oiCU90J8KGciZpyzLLaUdpikXEaTsa3+Z++4lqwxL5YCeKhgIPJYsZwTaXznqK9as1v+7PgJZJUJAaFGj2q1+9QUJSQaUlHBvTDXxlwwxrywin00ovNVRhMsZD2nVUYkFNmM1unaITpwxQnGhX0qKZ+nsiw8KYiYhcp8B2ZBa9XPzP66Y2vg4zJlVqqSTzRXHKkU1Q/jgaME2J5RNHMNHM3YrICGtMrIun4kIIFl9eJo/n9eCyHtxf1Bo3RRxlOIJjOIUArqABd9CEFhAYwTO8wpsnvBfv3fuYt5a8YuYQ/sD7/AG7WI4K</latexit>�⇡ <latexit sha1_base64="B6Ip2zTQ9A6DQluwhBc8PdIsfIg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Et4v1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vktZF1atVvfvLSv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOE8+K8Ox+L1oKTzxzDHzifP1G1jdM=</latexit>⇡
<latexit sha1_base64="p27K4n+tVZ3RAAu5qYSihWJD7xA=">AAAB9HicbVBNS8NAEJ31s9avqkcvi0XwVJIi6rHoxWMF+wFNKJvtpl262cTdTaGE/A4vHhTx6o/x5r9x2+agrQ8GHu/NMDMvSATXxnG+0dr6xubWdmmnvLu3f3BYOTpu6zhVlLVoLGLVDYhmgkvWMtwI1k0UI1EgWCcY3838zoQpzWP5aKYJ8yMylDzklBgr+V6oCM28hOdZPe9Xqk7NmQOvErcgVSjQ7Fe+vEFM04hJQwXRuuc6ifEzogynguVlL9UsIXRMhqxnqSQR0342PzrH51YZ4DBWtqTBc/X3REYiradRYDsjYkZ62ZuJ/3m91IQ3fsZlkhom6WJRmApsYjxLAA+4YtSIqSWEKm5vxXREbA7G5lS2IbjLL6+Sdr3mXtXch8tq47aIowSncAYX4MI1NOAemtACCk/wDK/whiboBb2jj0XrGipmTuAP0OcPGXaSUQ==</latexit>⇡

2

<latexit sha1_base64="u1ujxoitncud7NnHrUCtVdBvZCI=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBiyUpoh6LXjxWsB/QxLLZbtqlm03Y3Sgl5H948aCIV/+LN/+N2zQHbX0w8Hhvhpl5fsyZ0rb9bZVWVtfWN8qbla3tnd296v5BR0WJJLRNIh7Jno8V5UzQtmaa014sKQ59Trv+5Gbmdx+pVCwS93oaUy/EI8ECRrA20sOZG0hMUjdmWdrIBtWaXbdzoGXiFKQGBVqD6pc7jEgSUqEJx0r1HTvWXoqlZoTTrOImisaYTPCI9g0VOKTKS/OrM3RilCEKImlKaJSrvydSHCo1DX3TGWI9VoveTPzP6yc6uPJSJuJEU0Hmi4KEIx2hWQRoyCQlmk8NwUQycysiY2xy0CaoignBWXx5mXQadeei7tyd15rXRRxlOIJjOAUHLqEJt9CCNhCQ8Ayv8GY9WS/Wu/Uxby1Zxcwh/IH1+QOE75KI</latexit>

�⇡

2
<latexit sha1_base64="Nh7TLHkIWAHD9QsOwjc+3htkUJM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUcPvlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBexGMug==</latexit>

0

<latexit sha1_base64="lseDt4kDxbJcyTmU+KzpFqpGMdo=">AAAB8HicbVBNSwMxEJ34WetX1aOXYBHqpeyKqMeiF48V7Ie0S8mm2TY0yS5JVihLf4UXD4p49ed489+YtnvQ1gcDj/dmmJkXJoIb63nfaGV1bX1js7BV3N7Z3dsvHRw2TZxqyho0FrFuh8QwwRVrWG4FayeaERkK1gpHt1O/9cS04bF6sOOEBZIMFI84JdZJj1lXS1whZ5NeqexVvRnwMvFzUoYc9V7pq9uPaSqZslQQYzq+l9ggI9pyKtik2E0NSwgdkQHrOKqIZCbIZgdP8KlT+jiKtStl8Uz9PZERacxYhq5TEjs0i95U/M/rpDa6DjKuktQyReeLolRgG+Pp97jPNaNWjB0hVHN3K6ZDogm1LqOiC8FffHmZNM+r/mXVv78o127yOApwDCdQAR+uoAZ3UIcGUJDwDK/whjR6Qe/oY966gvKZI/gD9PkD+pSP3w==</latexit>

(a)
<latexit sha1_base64="G0Tk01B3rGn50Z3CsZmXgCaNFQI=">AAAB8HicbVBNSwMxEJ34WetX1aOXYBHqpeyKqMeiF48V7Ie0S8mm2TY0yS5JVihLf4UXD4p49ed489+YtnvQ1gcDj/dmmJkXJoIb63nfaGV1bX1js7BV3N7Z3dsvHRw2TZxqyho0FrFuh8QwwRVrWG4FayeaERkK1gpHt1O/9cS04bF6sOOEBZIMFI84JdZJj1lXS1wJzya9UtmrejPgZeLnpAw56r3SV7cf01QyZakgxnR8L7FBRrTlVLBJsZsalhA6IgPWcVQRyUyQzQ6e4FOn9HEUa1fK4pn6eyIj0pixDF2nJHZoFr2p+J/XSW10HWRcJallis4XRanANsbT73Gfa0atGDtCqObuVkyHRBNqXUZFF4K/+PIyaZ5X/cuqf39Rrt3kcRTgGE6gAj5cQQ3uoA4NoCDhGV7hDWn0gt7Rx7x1BeUzR/AH6PMH/BqP4A==</latexit>

(b)

<latexit sha1_base64="0OWUPzxrxxp3bC7T2+vy4dyQCYs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbSbt0swm7G7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6H/WeeuWKW3VnIMvEy0kFctR75a9uP2ZphNIwQbXueG5i/Iwqw5nASambakwoG9EBdiyVNELtZ7NTJ+TEKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5Oa8MrPuExSg5LNF4WpICYm079JnytkRowtoUxxeythQ6ooMzadkg3BW3x5mTTPqt5F1bs7r9Su8ziKcATHcAoeXEINbqEODWAwgGd4hTdHOC/Ou/Mxby04+cwh/IHz+QNldo3g</latexit>

kx

<latexit sha1_base64="BeXjbugyvhOR8YmDNueDbRHXzVI=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBi2VXRD0WvXisYG2hXUo2zbahSTYkWaEs/QtePCji1T/kzX9jtt2Dtj4YeLw3w8y8SHFmrO9/e6WV1bX1jfJmZWt7Z3evun/waJJUE9oiCU90J8KGciZpyzLLaUdpikXEaTsa3+Z++4lqwxL5YCeKhgIPJYsZwTaXznqK9as1v+7PgJZJUJAaFGj2q1+9QUJSQaUlHBvTDXxlwwxrywin00ovNVRhMsZD2nVUYkFNmM1unaITpwxQnGhX0qKZ+nsiw8KYiYhcp8B2ZBa9XPzP66Y2vg4zJlVqqSTzRXHKkU1Q/jgaME2J5RNHMNHM3YrICGtMrIun4kIIFl9eJo/n9eCyHtxf1Bo3RRxlOIJjOIUArqABd9CEFhAYwTO8wpsnvBfv3fuYt5a8YuYQ/sD7/AG7WI4K</latexit>�⇡ <latexit sha1_base64="B6Ip2zTQ9A6DQluwhBc8PdIsfIg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Et4v1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vktZF1atVvfvLSv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOE8+K8Ox+L1oKTzxzDHzifP1G1jdM=</latexit>⇡
<latexit sha1_base64="p27K4n+tVZ3RAAu5qYSihWJD7xA=">AAAB9HicbVBNS8NAEJ31s9avqkcvi0XwVJIi6rHoxWMF+wFNKJvtpl262cTdTaGE/A4vHhTx6o/x5r9x2+agrQ8GHu/NMDMvSATXxnG+0dr6xubWdmmnvLu3f3BYOTpu6zhVlLVoLGLVDYhmgkvWMtwI1k0UI1EgWCcY3838zoQpzWP5aKYJ8yMylDzklBgr+V6oCM28hOdZPe9Xqk7NmQOvErcgVSjQ7Fe+vEFM04hJQwXRuuc6ifEzogynguVlL9UsIXRMhqxnqSQR0342PzrH51YZ4DBWtqTBc/X3REYiradRYDsjYkZ62ZuJ/3m91IQ3fsZlkhom6WJRmApsYjxLAA+4YtSIqSWEKm5vxXREbA7G5lS2IbjLL6+Sdr3mXtXch8tq47aIowSncAYX4MI1NOAemtACCk/wDK/whiboBb2jj0XrGipmTuAP0OcPGXaSUQ==</latexit>⇡

2

<latexit sha1_base64="u1ujxoitncud7NnHrUCtVdBvZCI=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBiyUpoh6LXjxWsB/QxLLZbtqlm03Y3Sgl5H948aCIV/+LN/+N2zQHbX0w8Hhvhpl5fsyZ0rb9bZVWVtfWN8qbla3tnd296v5BR0WJJLRNIh7Jno8V5UzQtmaa014sKQ59Trv+5Gbmdx+pVCwS93oaUy/EI8ECRrA20sOZG0hMUjdmWdrIBtWaXbdzoGXiFKQGBVqD6pc7jEgSUqEJx0r1HTvWXoqlZoTTrOImisaYTPCI9g0VOKTKS/OrM3RilCEKImlKaJSrvydSHCo1DX3TGWI9VoveTPzP6yc6uPJSJuJEU0Hmi4KEIx2hWQRoyCQlmk8NwUQycysiY2xy0CaoignBWXx5mXQadeei7tyd15rXRRxlOIJjOAUHLqEJt9CCNhCQ8Ayv8GY9WS/Wu/Uxby1Zxcwh/IH1+QOE75KI</latexit>

�⇡

2
<latexit sha1_base64="Nh7TLHkIWAHD9QsOwjc+3htkUJM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUcPvlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBexGMug==</latexit>

0

<latexit sha1_base64="af1zzSwlm8iDv9o6Wnq0wM28knA=">AAAB8HicbVBNSwMxEJ34WetX1aOXYBHqpeyKqMeiF48V7Ie0S8mm2TY0yS5JVihLf4UXD4p49ed489+YtnvQ1gcDj/dmmJkXJoIb63nfaGV1bX1js7BV3N7Z3dsvHRw2TZxqyho0FrFuh8QwwRVrWG4FayeaERkK1gpHt1O/9cS04bF6sOOEBZIMFI84JdZJj1lXS1yhZ5NeqexVvRnwMvFzUoYc9V7pq9uPaSqZslQQYzq+l9ggI9pyKtik2E0NSwgdkQHrOKqIZCbIZgdP8KlT+jiKtStl8Uz9PZERacxYhq5TEjs0i95U/M/rpDa6DjKuktQyReeLolRgG+Pp97jPNaNWjB0hVHN3K6ZDogm1LqOiC8FffHmZNM+r/mXVv78o127yOApwDCdQAR+uoAZ3UIcGUJDwDK/whjR6Qe/oY966gvKZI/gD9PkD/aCP4Q==</latexit>

(c)
<latexit sha1_base64="bRX9Cc1sMGH2m7SBrI8iBqKF8c8=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9OKxgv2QdinZbLYNTbJLkhXK0l/hxYMiXv053vw3pu0etPXBwOO9GWbmBQln2rjut1NYW9/Y3Cpul3Z29/YPyodHbR2nitAWiXmsugHWlDNJW4YZTruJolgEnHaC8e3M7zxRpVksH8wkob7AQ8kiRrCx0mPWVwJVw/PpoFxxa+4caJV4OalAjuag/NUPY5IKKg3hWOue5ybGz7AyjHA6LfVTTRNMxnhIe5ZKLKj2s/nBU3RmlRBFsbIlDZqrvycyLLSeiMB2CmxGetmbif95vdRE137GZJIaKsliUZRyZGI0+x6FTFFi+MQSTBSztyIywgoTYzMq2RC85ZdXSfui5l3WvPt6pXGTx1GEEziFKnhwBQ24gya0gICAZ3iFN0c5L86787FoLTj5zDH8gfP5A/8mj+I=</latexit>

(d)

<latexit sha1_base64="Nh7TLHkIWAHD9QsOwjc+3htkUJM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUcPvlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBexGMug==</latexit>

0

<latexit sha1_base64="tpcZ7KBjGnEABWA5FAKozwS5jds=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK1hbaUDbbTbt0swm7EyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmlldW19o7xZ2dre2d2r7h88mjjVjLdYLGPdCajhUijeQoGSdxLNaRRI3g7GN1O//cS1EbF6wCzhfkSHSoSCUbTSPfazfrXm1t0ZyDLxClKDAs1+9as3iFkacYVMUmO6npugn1ONgkk+qfRSwxPKxnTIu5YqGnHj57NTJ+TEKgMSxtqWQjJTf0/kNDImiwLbGVEcmUVvKv7ndVMMr/xcqCRFrth8UZhKgjGZ/k0GQnOGMrOEMi3srYSNqKYMbToVG4K3+PIyeTyrexd17+681rgu4ijDERzDKXhwCQ24hSa0gMEQnuEV3hzpvDjvzse8teQUM4fwB87nD3Swjeo=</latexit>

ty
<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1

<latexit sha1_base64="oQk0cCEnO4dq5KElPzmThRg7Eis=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEqseiF48V7Qe0oWy2m3bpZhN2J0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemEph0PO+ncLa+sbmVnG7tLO7t39QPjxqmiTTjDdYIhPdDqnhUijeQIGSt1PNaRxK3gpHtzO/9cS1EYl6xHHKg5gOlIgEo2ilB8+t9soVz/XmIKvEz0kFctR75a9uP2FZzBUySY3p+F6KwYRqFEzyaambGZ5SNqID3rFU0ZibYDI/dUrOrNInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo+tgIlSaIVdssSjKJMGEzP4mfaE5Qzm2hDIt7K2EDammDG06JRuCv/zyKmleuH7V9e8vK7WbPI4inMApnIMPV1CDO6hDAxgM4Ble4c2Rzovz7nwsWgtOPnMMf+B8/gBdCI0y</latexit>

0.6

<latexit sha1_base64="QFw4+4c0rJUH6eFpMx4QAiOQ4EU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0iKqMeiF48V7Qe0oWy2m3bpZhN2J0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemEph0PO+ncLa+sbmVnG7tLO7t39QPjxqmiTTjDdYIhPdDqnhUijeQIGSt1PNaRxK3gpHtzO/9cS1EYl6xHHKg5gOlIgEo2ilB8+t9soVz/XmIKvEz0kFctR75a9uP2FZzBUySY3p+F6KwYRqFEzyaambGZ5SNqID3rFU0ZibYDI/dUrOrNInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo+tgIlSaIVdssSjKJMGEzP4mfaE5Qzm2hDIt7K2EDammDG06JRuCv/zyKmlWXf/S9e8vKrWbPI4inMApnIMPV1CDO6hDAxgM4Ble4c2Rzovz7nwsWgtOPnMMf+B8/gBW+I0u</latexit>

0.2

<latexit sha1_base64="a/4FyPbW3VkXnpJg1/6+oi5Bpeg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikqMeiF48V7Qe0oWy2m3bpZhN2J0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemEph0PO+ncLa+sbmVnG7tLO7t39QPjxqmiTTjDdYIhPdDqnhUijeQIGSt1PNaRxK3gpHtzO/9cS1EYl6xHHKg5gOlIgEo2ilB8+t9soVz/XmIKvEz0kFctR75a9uP2FZzBUySY3p+F6KwYRqFEzyaambGZ5SNqID3rFU0ZibYDI/dUrOrNInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo+tgIlSaIVdssSjKJMGEzP4mfaE5Qzm2hDIt7K2EDammDG06JRuCv/zyKmleuP6l699XK7WbPI4inMApnIMPV1CDO6hDAxgM4Ble4c2Rzovz7nwsWgtOPnMMf+B8/gBaAI0w</latexit>

0.4

<latexit sha1_base64="4SeZ93X4OYiu7oobExOrp7vpZjs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEtMeiF48V7Qe0oWy2m3bpZhN2J0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemEph0PO+ncLa+sbmVnG7tLO7t39QPjxqmiTTjDdYIhPdDqnhUijeQIGSt1PNaRxK3gpHtzO/9cS1EYl6xHHKg5gOlIgEo2ilB8+t9soVz/XmIKvEz0kFctR75a9uP2FZzBUySY3p+F6KwYRqFEzyaambGZ5SNqID3rFU0ZibYDI/dUrOrNInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo2owESrNkCu2WBRlkmBCZn+TvtCcoRxbQpkW9lbChlRThjadkg3BX355lTQvXP/K9e8vK7WbPI4inMApnIMP11CDO6hDAxgM4Ble4c2Rzovz7nwsWgtOPnMMf+B8/gBgEI00</latexit>

0.8

<latexit sha1_base64="o47vUYeLhY9abwgl/JRmXj9KpYQ=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqBch6MVjRPOAZAmzk9lkyDyWmVkhLPkELx4U8eoXefNvnCR70MSChqKqm+6uKOHMWN//9gorq2vrG8XN0tb2zu5eef+gaVSqCW0QxZVuR9hQziRtWGY5bSeaYhFx2opGt1O/9US1YUo+2nFCQ4EHksWMYOukB3Ed9MoVv+rPgJZJkJMK5Kj3yl/dviKpoNISjo3pBH5iwwxrywink1I3NTTBZIQHtOOoxIKaMJudOkEnTumjWGlX0qKZ+nsiw8KYsYhcp8B2aBa9qfif10ltfBVmTCappZLMF8UpR1ah6d+ozzQllo8dwUQzdysiQ6wxsS6dkgshWHx5mTTPqsFFNbg/r9Ru8jiKcATHcAoBXEIN7qAODSAwgGd4hTePey/eu/cxby14+cwh/IH3+QPJLY15</latexit>

m = 1

<latexit sha1_base64="gg+Bkn7RnYX4BoCQllMUcLQ+tYg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btbhJ2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSNsGm4EdhKFVAYC28H4bua3n1BpHkcPZpKgL+kw4iFn1FipIfvlilt15yCrxMtJBXLU++Wv3iBmqcTIMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtjahE7WfzQ6fkzCoDEsbKVmTIXP09kVGp9UQGtlNSM9LL3kz8z+umJrzxMx4lqcGILRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwB14WM9w==</latexit>m

<latexit sha1_base64="QzGTFZIae7LQw7099LHU4CW4/Y8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0iKqMeiF48V7Qe0oWy2k3bpZhN2N0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemAqujed9O4W19Y3NreJ2aWd3b/+gfHjU1EmmGDZYIhLVDqlGwSU2DDcC26lCGocCW+Hodua3nlBpnshHM04xiOlA8ogzaqz04LvVXrniud4cZJX4OalAjnqv/NXtJyyLURomqNYd30tNMKHKcCZwWupmGlPKRnSAHUsljVEHk/mpU3JmlT6JEmVLGjJXf09MaKz1OA5tZ0zNUC97M/E/r5OZ6DqYcJlmBiVbLIoyQUxCZn+TPlfIjBhbQpni9lbChlRRZmw6JRuCv/zyKmlWXf/S9e8vKrWbPI4inMApnIMPV1CDO6hDAxgM4Ble4c0Rzovz7nwsWgtOPnMMf+B8/gBYfo0v</latexit>

1.2

<latexit sha1_base64="4SeZ93X4OYiu7oobExOrp7vpZjs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEtMeiF48V7Qe0oWy2m3bpZhN2J0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemEph0PO+ncLa+sbmVnG7tLO7t39QPjxqmiTTjDdYIhPdDqnhUijeQIGSt1PNaRxK3gpHtzO/9cS1EYl6xHHKg5gOlIgEo2ilB8+t9soVz/XmIKvEz0kFctR75a9uP2FZzBUySY3p+F6KwYRqFEzyaambGZ5SNqID3rFU0ZibYDI/dUrOrNInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo2owESrNkCu2WBRlkmBCZn+TvtCcoRxbQpkW9lbChlRThjadkg3BX355lTQvXP/K9e8vK7WbPI4inMApnIMP11CDO6hDAxgM4Ble4c2Rzovz7nwsWgtOPnMMf+B8/gBgEI00</latexit>

0.8

<latexit sha1_base64="4HUmaXf3W5O9MrLbLlTBy0cKSwk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikqMeiF48V7Qe0oWy2k3bpZhN2N0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemAqujed9O4W19Y3NreJ2aWd3b/+gfHjU1EmmGDZYIhLVDqlGwSU2DDcC26lCGocCW+Hodua3nlBpnshHM04xiOlA8ogzaqz04LvVXrniud4cZJX4OalAjnqv/NXtJyyLURomqNYd30tNMKHKcCZwWupmGlPKRnSAHUsljVEHk/mpU3JmlT6JEmVLGjJXf09MaKz1OA5tZ0zNUC97M/E/r5OZ6DqYcJlmBiVbLIoyQUxCZn+TPlfIjBhbQpni9lbChlRRZmw6JRuCv/zyKmleuP6l699XK7WbPI4inMApnIMPV1CDO6hDAxgM4Ble4c0Rzovz7nwsWgtOPnMMf+B8/gBbho0x</latexit>

1.4

<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1

<latexit sha1_base64="oQk0cCEnO4dq5KElPzmThRg7Eis=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEqseiF48V7Qe0oWy2m3bpZhN2J0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemEph0PO+ncLa+sbmVnG7tLO7t39QPjxqmiTTjDdYIhPdDqnhUijeQIGSt1PNaRxK3gpHtzO/9cS1EYl6xHHKg5gOlIgEo2ilB8+t9soVz/XmIKvEz0kFctR75a9uP2FZzBUySY3p+F6KwYRqFEzyaambGZ5SNqID3rFU0ZibYDI/dUrOrNInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo+tgIlSaIVdssSjKJMGEzP4mfaE5Qzm2hDIt7K2EDammDG06JRuCv/zyKmleuH7V9e8vK7WbPI4inMApnIMPV1CDO6hDAxgM4Ble4c2Rzovz7nwsWgtOPnMMf+B8/gBdCI0y</latexit>

0.6

<latexit sha1_base64="Q+jOXQE0YaW4ML442MT5attc1ME=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OKxgrGFNpTNdtMu3WzC7kQIpb/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMC1MpDLrut1NaWV1b3yhvVra2d3b3qvsHjybJNOM+S2Si2yE1XArFfRQoeTvVnMah5K1wdDv1W09cG5GoB8xTHsR0oEQkGEUr+djLr71etebW3RnIMvEKUoMCzV71q9tPWBZzhUxSYzqem2IwphoFk3xS6WaGp5SN6IB3LFU05iYYz46dkBOr9EmUaFsKyUz9PTGmsTF5HNrOmOLQLHpT8T+vk2F0FYyFSjPkis0XRZkkmJDp56QvNGcoc0so08LeStiQasrQ5lOxIXiLLy+Tx7O6d1H37s9rjZsijjIcwTGcggeX0IA7aIIPDAQ8wyu8Ocp5cd6dj3lrySlmDuEPnM8faB6ObA==</latexit>

ty = 1

<latexit sha1_base64="xBgNbKa7zoNCzMTOfMee3jUcmOc=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKthbaUDabTbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmlldW19o7xZ2dre2d2r7h+0TZJpxlsskYnuBNRwKRRvoUDJO6nmNA4kfwhGN1P/4YlrIxJ1j+OU+zEdKBEJRtFKnV7IJVIS96s1t+7OQJaJV5AaFGj2q1+9MGFZzBUySY3pem6Kfk41Cib5pNLLDE8pG9EB71qqaMyNn8/unZATq4QkSrQthWSm/p7IaWzMOA5sZ0xxaBa9qfif180wuvJzodIMuWLzRVEmCSZk+jwJheYM5dgSyrSwtxI2pJoytBFVbAje4svLpH1W9y7q3t15rXFdxFGGIziGU/DgEhpwC01oAQMJz/AKb86j8+K8Ox/z1pJTzBzCHzifP7gRj8M=</latexit> �m

<latexit sha1_base64="a/4FyPbW3VkXnpJg1/6+oi5Bpeg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikqMeiF48V7Qe0oWy2m3bpZhN2J0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemEph0PO+ncLa+sbmVnG7tLO7t39QPjxqmiTTjDdYIhPdDqnhUijeQIGSt1PNaRxK3gpHtzO/9cS1EYl6xHHKg5gOlIgEo2ilB8+t9soVz/XmIKvEz0kFctR75a9uP2FZzBUySY3p+F6KwYRqFEzyaambGZ5SNqID3rFU0ZibYDI/dUrOrNInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo+tgIlSaIVdssSjKJMGEzP4mfaE5Qzm2hDIt7K2EDammDG06JRuCv/zyKmleuP6l699XK7WbPI4inMApnIMPV1CDO6hDAxgM4Ble4c2Rzovz7nwsWgtOPnMMf+B8/gBaAI0w</latexit>

0.4

<latexit sha1_base64="HRAVjyBhomTzdWdfL75h+zDHX+k=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBiyGRoh6LXjxWsB/QhrLZbtqlu5uwuxFK6F/w4kERr/4hb/4bN20O2vpg4PHeDDPzwoQzbTzv2ymtrW9sbpW3Kzu7e/sH1cOjto5TRWiLxDxW3RBrypmkLcMMp91EUSxCTjvh5C73O09UaRbLRzNNaCDwSLKIEWxy6cJz64NqzXO9OdAq8QtSgwLNQfWrP4xJKqg0hGOte76XmCDDyjDC6azSTzVNMJngEe1ZKrGgOsjmt87QmVWGKIqVLWnQXP09kWGh9VSEtlNgM9bLXi7+5/VSE90EGZNJaqgki0VRypGJUf44GjJFieFTSzBRzN6KyBgrTIyNp2JD8JdfXiXtS9e/cv2Heq1xW8RRhhM4hXPw4RoacA9NaAGBMTzDK7w5wnlx3p2PRWvJKWaO4Q+czx/Do41n</latexit>�0.4

FIG. 2. Entanglement temperature and mass renormalization
in the QWZ model: (a) and (b) panels show the dependence
of mass renormalization �m on momentum kx for di↵erent
values of m and ty, respectively. As discussed in the text,
�m identically vanishes at the gap closing point when m = 1
and kx = 0. (c) and (d) panels show variation of e↵ective
temperature with momentum.

The ESH determining the thermal state is given by
Eq. (12) which has the form of H2D with vanishing trans-
verse hopping ty = 0 and renormalized mass m+�m(kx).
We show the dependence of mass renormalization term
�m on momentum for di↵erent values of m and ty in
Figs. 2(a) and (b), respectively. The mass renormaliza-
tion vanishes identically when m = 1 and kx = 0, which
implies that the gap-closing point of ESH at m = 1 is not
a↵ected by �m. This behavior is not limited to the sim-
ple model with just nearest-neighbor hopping as shown
in Appendix A. We also see that �m is suppressed by
decreasing the lateral hopping and vanishes when ty ! 0
as expected.

The result (11) can be recast into a manifestly thermal
form as

C(kx) =
1

2

X

⌘=±1

⇣
+ ⌘

d1D

|d1D| · �
⌘
nF (⌘|d1D|),

where the temperature is obtained from Eq. (10) as

T (kx) =
|d1D|

2 arctanh(|d1D|F)
.

This temperature is plotted in Fig. 2(c) for various values
of mass m and in 2(d) for di↵erent values of transverse
hopping ty (T , m and ty are expressed in the units of tx).
As seen in Fig. 2(d), the scale of the temperature is set
by transverse hopping ty as expected. The temperature
has a weak dependence on momentum, especially around
m ⇠ 1 which corresponds to the gap closing of the e↵ec-
tive 1D model (12). It is striking that, starting from a
gapped 2D system in the ground state, the reduced den-
sity matrix of a 1D subsystem for m = 1 matches that of
a gapless system at high temperature!

<latexit sha1_base64="lseDt4kDxbJcyTmU+KzpFqpGMdo=">AAAB8HicbVBNSwMxEJ34WetX1aOXYBHqpeyKqMeiF48V7Ie0S8mm2TY0yS5JVihLf4UXD4p49ed489+YtnvQ1gcDj/dmmJkXJoIb63nfaGV1bX1js7BV3N7Z3dsvHRw2TZxqyho0FrFuh8QwwRVrWG4FayeaERkK1gpHt1O/9cS04bF6sOOEBZIMFI84JdZJj1lXS1whZ5NeqexVvRnwMvFzUoYc9V7pq9uPaSqZslQQYzq+l9ggI9pyKtik2E0NSwgdkQHrOKqIZCbIZgdP8KlT+jiKtStl8Uz9PZERacxYhq5TEjs0i95U/M/rpDa6DjKuktQyReeLolRgG+Pp97jPNaNWjB0hVHN3K6ZDogm1LqOiC8FffHmZNM+r/mXVv78o127yOApwDCdQAR+uoAZ3UIcGUJDwDK/whjR6Qe/oY966gvKZI/gD9PkD+pSP3w==</latexit>

(a)

<latexit sha1_base64="G0Tk01B3rGn50Z3CsZmXgCaNFQI=">AAAB8HicbVBNSwMxEJ34WetX1aOXYBHqpeyKqMeiF48V7Ie0S8mm2TY0yS5JVihLf4UXD4p49ed489+YtnvQ1gcDj/dmmJkXJoIb63nfaGV1bX1js7BV3N7Z3dsvHRw2TZxqyho0FrFuh8QwwRVrWG4FayeaERkK1gpHt1O/9cS04bF6sOOEBZIMFI84JdZJj1lXS1wJzya9UtmrejPgZeLnpAw56r3SV7cf01QyZakgxnR8L7FBRrTlVLBJsZsalhA6IgPWcVQRyUyQzQ6e4FOn9HEUa1fK4pn6eyIj0pixDF2nJHZoFr2p+J/XSW10HWRcJallis4XRanANsbT73Gfa0atGDtCqObuVkyHRBNqXUZFF4K/+PIyaZ5X/cuqf39Rrt3kcRTgGE6gAj5cQQ3uoA4NoCDhGV7hDWn0gt7Rx7x1BeUzR/AH6PMH/BqP4A==</latexit>

(b)

<latexit sha1_base64="PBY966hDOsEIvQ2gLkwz3z6K9rQ=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyURUY9FLx6r2A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7dRvPaHSPJaPZpygH9GB5CFn1Fjp4czrlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzS6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCaz/jMkkNSjZfFKaCmJhM3yZ9rpAZMbaEMsXtrYQNqaLM2HBKNgRv8eVl0jyvepdV7/6iUrvJ4yjCERzDKXhwBTW4gzo0gEEIz/AKb87IeXHenY95a8HJZw7hD5zPH+XajPI=</latexit>�1
<latexit sha1_base64="hdFrA3ozaT+abVFBHqgEpT0Hmg4=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSRF1GPRi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8pAzaqz0cF7tlcpuxZ2BLBMvJ2XIUe+Vvrr9mKURSsME1brjuYnxM6oMZwInxW6qMaFsRAfYsVTSCLWfzS6dkFOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCaz/jMkkNSjZfFKaCmJhM3yZ9rpAZMbaEMsXtrYQNqaLM2HCKNgRv8eVl0qxWvMuKd39Rrt3kcRTgGE7gDDy4ghrcQR0awCCEZ3iFN2fkvDjvzse8dcXJZ47gD5zPH+dejPM=</latexit>�2

<latexit sha1_base64="nIUqBHSTIPd3xKKTSocXTsZ0kQE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqte86JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfhmMvA==</latexit>

2
<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1
<latexit sha1_base64="Nh7TLHkIWAHD9QsOwjc+3htkUJM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUcPvlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBexGMug==</latexit>

0
<latexit sha1_base64="Jz6A/dEiQKA7BGFLg7RtpqPW9OE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeiyK4LEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfzsrq2vrGZmGruL2zu7dfOjhs6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WDGSfoR3QgecgZNVaq3/VKZbfizkCWiZeTMuSo9Upf3X7M0gilYYJq3fHcxPgZVYYzgZNiN9WYUDaiA+xYKmmE2s9mh07IqVX6JIyVLWnITP09kdFI63EU2M6ImqFe9Kbif14nNeG1n3GZpAYlmy8KU0FMTKZfkz5XyIwYW0KZ4vZWwoZUUWZsNkUbgrf48jJpnle8y4pXvyhXb/I4CnAMJ3AGHlxBFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MHmuWMzw==</latexit>

E

<latexit sha1_base64="H9CYWSaXNGM3FPpEAtfXu723HJs=">AAAB8XicbVBNSwMxEJ31s9avqkcvwSJUkLIroh6LonisYD+wXUo2zbah2WRJsmJZ+i+8eFDEq//Gm//GtN2Dtj4YeLw3w8y8IOZMG9f9dhYWl5ZXVnNr+fWNza3tws5uXctEEVojkkvVDLCmnAlaM8xw2owVxVHAaSMYXI39xiNVmklxb4Yx9SPcEyxkBBsrPbSf2LHo3JSujzqFolt2J0DzxMtIETJUO4WvdleSJKLCEI61bnlubPwUK8MIp6N8O9E0xmSAe7RlqcAR1X46uXiEDq3SRaFUtoRBE/X3RIojrYdRYDsjbPp61huL/3mtxIQXfspEnBgqyHRRmHBkJBq/j7pMUWL40BJMFLO3ItLHChNjQ8rbELzZl+dJ/aTsnZW9u9Ni5TKLIwf7cAAl8OAcKnALVagBAQHP8ApvjnZenHfnY9q64GQze/AHzucPNiuP9g==</latexit> ⇠,
n
F
(E

)

<latexit sha1_base64="Nh7TLHkIWAHD9QsOwjc+3htkUJM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUcPvlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBexGMug==</latexit>

0

<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1

<latexit sha1_base64="eid+WhwnNM+BfbyO6/kCk5IeV3o=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgadkVX8egF48RzQOSJcxOOsmQ2dllZlYISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrTATXxvO+ncLK6tr6RnGztLW9s7tX3j9o6DhVDOssFrFqhVSj4BLrhhuBrUQhjUKBzXB0O/WbT6g0j+WjGScYRHQgeZ8zaqz04LkX3XLFc70ZyDLxc1KBHLVu+avTi1kaoTRMUK3bvpeYIKPKcCZwUuqkGhPKRnSAbUsljVAH2ezUCTmxSo/0Y2VLGjJTf09kNNJ6HIW2M6JmqBe9qfif105N/zrIuExSg5LNF/VTQUxMpn+THlfIjBhbQpni9lbChlRRZmw6JRuCv/jyMmmcuf6l69+fV6o3eRxFOIJjOAUfrqAKd1CDOjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AFbhI0x</latexit>

0.5

<latexit sha1_base64="Nh7TLHkIWAHD9QsOwjc+3htkUJM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUcPvlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBexGMug==</latexit>

0

<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1

<latexit sha1_base64="eid+WhwnNM+BfbyO6/kCk5IeV3o=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgadkVX8egF48RzQOSJcxOOsmQ2dllZlYISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrTATXxvO+ncLK6tr6RnGztLW9s7tX3j9o6DhVDOssFrFqhVSj4BLrhhuBrUQhjUKBzXB0O/WbT6g0j+WjGScYRHQgeZ8zaqz04LkX3XLFc70ZyDLxc1KBHLVu+avTi1kaoTRMUK3bvpeYIKPKcCZwUuqkGhPKRnSAbUsljVAH2ezUCTmxSo/0Y2VLGjJTf09kNNJ6HIW2M6JmqBe9qfif105N/zrIuExSg5LNF/VTQUxMpn+THlfIjBhbQpni9lbChlRRZmw6JRuCv/jyMmmcuf6l69+fV6o3eRxFOIJjOAUfrqAKd1CDOjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AFbhI0x</latexit>

0.5

<latexit sha1_base64="o47vUYeLhY9abwgl/JRmXj9KpYQ=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqBch6MVjRPOAZAmzk9lkyDyWmVkhLPkELx4U8eoXefNvnCR70MSChqKqm+6uKOHMWN//9gorq2vrG8XN0tb2zu5eef+gaVSqCW0QxZVuR9hQziRtWGY5bSeaYhFx2opGt1O/9US1YUo+2nFCQ4EHksWMYOukB3Ed9MoVv+rPgJZJkJMK5Kj3yl/dviKpoNISjo3pBH5iwwxrywink1I3NTTBZIQHtOOoxIKaMJudOkEnTumjWGlX0qKZ+nsiw8KYsYhcp8B2aBa9qfif10ltfBVmTCappZLMF8UpR1ah6d+ozzQllo8dwUQzdysiQ6wxsS6dkgshWHx5mTTPqsFFNbg/r9Ru8jiKcATHcAoBXEIN7qAODSAwgGd4hTePey/eu/cxby14+cwh/IH3+QPJLY15</latexit>

m = 1

<latexit sha1_base64="oQqc3PW+1GGhBRitaZvI3pFnjmg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikqBeh6MVjBdMW2lA22027dHcTdjdCCf0NXjwo4tUf5M1/47bNQVsfDDzem2FmXpRypo3nfTultfWNza3ydmVnd2//oHp41NJJpggNSMIT1YmwppxJGhhmOO2kimIRcdqOxnczv/1ElWaJfDSTlIYCDyWLGcHGSoG48d16v1rzXG8OtEr8gtSgQLNf/eoNEpIJKg3hWOuu76UmzLEyjHA6rfQyTVNMxnhIu5ZKLKgO8/mxU3RmlQGKE2VLGjRXf0/kWGg9EZHtFNiM9LI3E//zupmJr8OcyTQzVJLFojjjyCRo9jkaMEWJ4RNLMFHM3orICCtMjM2nYkPwl19eJa0L1790/Yd6rXFbxFGGEziFc/DhChpwD00IgACDZ3iFN0c6L86787FoLTnFzDH8gfP5A6l6je8=</latexit>

m = 1.4

<latexit sha1_base64="tpcZ7KBjGnEABWA5FAKozwS5jds=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK1hbaUDbbTbt0swm7EyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmlldW19o7xZ2dre2d2r7h88mjjVjLdYLGPdCajhUijeQoGSdxLNaRRI3g7GN1O//cS1EbF6wCzhfkSHSoSCUbTSPfazfrXm1t0ZyDLxClKDAs1+9as3iFkacYVMUmO6npugn1ONgkk+qfRSwxPKxnTIu5YqGnHj57NTJ+TEKgMSxtqWQjJTf0/kNDImiwLbGVEcmUVvKv7ndVMMr/xcqCRFrth8UZhKgjGZ/k0GQnOGMrOEMi3srYSNqKYMbToVG4K3+PIyeTyrexd17+681rgu4ijDERzDKXhwCQ24hSa0gMEQnuEV3hzpvDjvzse8teQUM4fwB87nD3Swjeo=</latexit>

ty
<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1
<latexit sha1_base64="QFw4+4c0rJUH6eFpMx4QAiOQ4EU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0iKqMeiF48V7Qe0oWy2m3bpZhN2J0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemEph0PO+ncLa+sbmVnG7tLO7t39QPjxqmiTTjDdYIhPdDqnhUijeQIGSt1PNaRxK3gpHtzO/9cS1EYl6xHHKg5gOlIgEo2ilB8+t9soVz/XmIKvEz0kFctR75a9uP2FZzBUySY3p+F6KwYRqFEzyaambGZ5SNqID3rFU0ZibYDI/dUrOrNInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo+tgIlSaIVdssSjKJMGEzP4mfaE5Qzm2hDIt7K2EDammDG06JRuCv/zyKmlWXf/S9e8vKrWbPI4inMApnIMPV1CDO6hDAxgM4Ble4c2Rzovz7nwsWgtOPnMMf+B8/gBW+I0u</latexit>

0.2

<latexit sha1_base64="tpcZ7KBjGnEABWA5FAKozwS5jds=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK1hbaUDbbTbt0swm7EyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmlldW19o7xZ2dre2d2r7h88mjjVjLdYLGPdCajhUijeQoGSdxLNaRRI3g7GN1O//cS1EbF6wCzhfkSHSoSCUbTSPfazfrXm1t0ZyDLxClKDAs1+9as3iFkacYVMUmO6npugn1ONgkk+qfRSwxPKxnTIu5YqGnHj57NTJ+TEKgMSxtqWQjJTf0/kNDImiwLbGVEcmUVvKv7ndVMMr/xcqCRFrth8UZhKgjGZ/k0GQnOGMrOEMi3srYSNqKYMbToVG4K3+PIyeTyrexd17+681rgu4ijDERzDKXhwCQ24hSa0gMEQnuEV3hzpvDjvzse8teQUM4fwB87nD3Swjeo=</latexit>

ty
<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1
<latexit sha1_base64="QFw4+4c0rJUH6eFpMx4QAiOQ4EU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0iKqMeiF48V7Qe0oWy2m3bpZhN2J0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemEph0PO+ncLa+sbmVnG7tLO7t39QPjxqmiTTjDdYIhPdDqnhUijeQIGSt1PNaRxK3gpHtzO/9cS1EYl6xHHKg5gOlIgEo2ilB8+t9soVz/XmIKvEz0kFctR75a9uP2FZzBUySY3p+F6KwYRqFEzyaambGZ5SNqID3rFU0ZibYDI/dUrOrNInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo+tgIlSaIVdssSjKJMGEzP4mfaE5Qzm2hDIt7K2EDammDG06JRuCv/zyKmlWXf/S9e8vKrWbPI4inMApnIMPV1CDO6hDAxgM4Ble4c2Rzovz7nwsWgtOPnMMf+B8/gBW+I0u</latexit>

0.2

<latexit sha1_base64="H9CYWSaXNGM3FPpEAtfXu723HJs=">AAAB8XicbVBNSwMxEJ31s9avqkcvwSJUkLIroh6LonisYD+wXUo2zbah2WRJsmJZ+i+8eFDEq//Gm//GtN2Dtj4YeLw3w8y8IOZMG9f9dhYWl5ZXVnNr+fWNza3tws5uXctEEVojkkvVDLCmnAlaM8xw2owVxVHAaSMYXI39xiNVmklxb4Yx9SPcEyxkBBsrPbSf2LHo3JSujzqFolt2J0DzxMtIETJUO4WvdleSJKLCEI61bnlubPwUK8MIp6N8O9E0xmSAe7RlqcAR1X46uXiEDq3SRaFUtoRBE/X3RIojrYdRYDsjbPp61huL/3mtxIQXfspEnBgqyHRRmHBkJBq/j7pMUWL40BJMFLO3ItLHChNjQ8rbELzZl+dJ/aTsnZW9u9Ni5TKLIwf7cAAl8OAcKnALVagBAQHP8ApvjnZenHfnY9q64GQze/AHzucPNiuP9g==</latexit> ⇠,
n
F
(E

)

FIG. 3. Thermal population of the 1D subsystem in the
QWZ model: (a) Correlation matrix spectra for 1D subsys-
tem (shown by circles/squares) and thermal system (shown
by lines) for m = 1 and two di↵erent values of lateral hop-
ping. (b) Similar results for m = 1.4. In both panels, the
thermal correlation spectrum is given by the Fermi-Dirac dis-
tribution nF (E) at temperatures T = 0.5 (for ty = 1), T = 0.1
(for ty = 0.2), and plotted as a function of the ESH energy
E = ±|d1D(kx)| .

Thermalization is further confirmed in Fig. 3, which
shows comparison between the exact correlation matrix
eigenvalues (denoted by ⇠) and the corresponding ther-
mal model with constant temperature. The correlation
matrix eigenvalues provide the occupation probabilities
of the subsystem states and are given by the Fermi-Dirac
distribution at finite temperature. As seen in Fig. 3(a),
the constant temperature Fermi-Dirac distribution essen-
tially reproduces the exact results. Furthermore, near
m = 1 the vacuum entanglement conspires to make the
1D subsystem of the 2D insulator to appear as a hot
1D metal. This is not a coincidence, and in Sec. III we
explore the pattern how gapless thermal reduced density
matrices systematically arise fromD-dimensional gapped
Dirac fermions. Away from |m| = 1, the ESH (12) is
gapped, as indicated by the correlation matrix spectrum
in Fig. 3(b). In Sec. IV we discuss how the entanglement-
induced thermal state and the gapless subsystems can
be observed through experimentally measurable fluctua-
tions.

C. Example II: Dirac models with linear dispersion

We now show that the entanglement-temperature map-
ping of lower-dimensional subsystems becomes simple for
continuum Dirac models with linear dispersion in ar-
bitrary spatial dimensions. For simplicity, we consider
the two-dimensional case but generalization to higher di-
mensions is straightforward. Let’s consider Hamiltonian
H2D = d2D(k)·� with d2D(k) = (kx, ky,m) representing

Energy-resolved distribu9on of the 1D subsystem in 
the 2D Chern model for two different m. Circles/
squares show the correla9on matrix spectra for the 
1D subsystem, whereas the solid lines correspond to 
a thermal 1D system and therefore they are iden9cal 
to Fermi-Dirac distribu9on func9ons. 

Above results show that the subsystem's density 
matrix almost perfectly resembles that of a genuinely 
thermal system subjected to a constant temperature. 

The temperature is determined with ty, thus it can be 
quite high. 

Direct signature of thermal mapping Experimentally accessible consequences

Conclusions

• A generic framework for observa9on of a thermal state emerging from vacuum entanglement 

• Lower-dimensional subsystems of a zero-temperature gapped state that look like hot gapless systems. 

• Natural connec9ons to the dimensional reduc9on picture and the periodic table of topological phases. 

• Possible experimental tests in quantum simulators e.g. those based on ultracold atoms in op9cal la^ces. 

        More informa9on in "AG Moghaddam, K Pöyhönen, T Ojanen, arXiv:2204.01791 (to appear in PRX Quantum)"


